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A  continuum  semigroup  with  midunit  v  is  defined  as  a 

compact  connected  semigroup  satisfying  avb  =  ab  for  all  a  and 

b.   It  is  the  purpose  of  this  dissertation  to  investigate 

continuum  semigroups  with  midunit.   If  S  is  a  compact  semigroup 

2 
with  midunit  satisfying  S   =  S  and  J  is  the  ^-class  of  the 

midunits,  then  J  is  the  unique  maximal  ^-class  in  S  and  is  a 

completely  simple  eubsemigroup  whose  idempotents  are  the  set 

of  all  midunits  and  form  a  usual  rectangular  band.   There 

exists  an  example  of  a  semigroup  with  five  elements  which 

2 
satisfies  the  condition  S   =  S  and  has  a  unique  maximal 

^-class,  but  S  does  not  have  a  midunit.   The  cohomology  used 

is  that  of  Alexander-Wallace-Spanier  with  coefficient  group 

arbitrary  unless  otherwise  specified.   It  is  shown  that  if  S 

is  a  continuum  semigroup  of  finite  codimension,  then 

cd(H  )  <  cd(S)  for  all  a  in  S  such  that  H  J   K.   It  follows 
a  a 

that  the  ^-class  of  the  midunits  in  a  continuum  semigroup  of 

2 

codimension  one  satisfying  S   =  S  /  K  is  totally  disconnected. 

There  is  a  method  of  constructing  a  new  semigroup  with  mid- 
unit  from  a  given  known  semigroup,  which  is  used  to  prove 
that  if  S  is  a  compact  semigroup,  v  is  a  ^-maximal  idempotent. 


vi 


J  is  the  £-class  of  v  and  vjv  C  J,  then  J  is  homeomorphic  to 
a  cartesian  product  of  a  rc-tangular  band  with  H    the  maxi- 
mal subgroup  which  contains  v.   A  midunit  is  called  proper 
if  it  is  neither  a  left  nor  ->  right  identity.   A  certain  class 
of  spaces  is  given  which,  due  to  their  topological  structure, 
do  not  admit  a  semigroup  with  proper  midunit  under  the  con- 

dition  S   =  S  1   K.   Let  S  be  a  semigroup  on  the  two-cell  with 

2 
midunit  and  zero  satisfying  S   =  S ,  M  be  the  set  of  all  mid- 
units,  and  H  be  the  maximal  subgroup  containing  the  midunit 
v 

v.   If  either  H  (H  )  ^  0  or  H  (M)  i   0,  then  all  midunits  lie 
on  the  boundary  of  the  two-cell  and  are  either  left  or  right 
identities  for  S.   If  S  is  a  continuum  semigroup  with  midunit 
v  satifying  S2  =  S  /  K  and  H   ^nd  [  (Sv  U  vS)\vSv]*  are  dis- 
joint then  each  point  of  H   is  marginal  in  S .   An  example  is 

given  of  a  continuum  semigroup  with  zero  and  midunit  satisfy- 

2 
ing  S   =  S  which  is  not  acyclic.   It  is  shown,  however,  that 

if  S  is  a  continuously  factorable  continuum  semigroup  with 

zero  and  midunit,  then  S  is  acyclic.   By  a  continuously 

factorable  semigroup  is  meant  a  semigroup  (S;m)  for  which 

there  exists  a  map  n  from  S  on^  S  x  S  such  that  mon  =  Ig . 


INTRODUCTION 

The  purpose  of  this  chapter  is  to  introduce  the  motiva- 
tion for  this  work  and  to  give  a  summary  and  key  results 
obtained  in  this  investigation  as  well  as  some  unsolved  prob- 
lems.   The  author  was  attracted  to  the  idea  of  midunit  when 
he  presented  a  report  on  an  example  concerning  midunit  from 
the  dissertation  of  McCharen  [11]  in  the  seminar  of  Professor 
A.  D.  Wallace  at  the  University  of  Florida  two  years  ago. 
The  underlying  space  of  this  example  consists  of  countable 
many  tangent  circles  converging  to  a  point.   He  proved  that 

if  it  admits  the  structure  of  a  semigroup  S  satisfying 

2 
S   =  S,  then  S  =  K.   His  proof  used  a  method  which  revealed 

the  wonder  and  attraction  of  the  notion  of  midunit  both  in 

the  algebraic  and  topological  sense.   The  idea  of  midunit 

was  first  introduced  by  Yamada  in  his  paper  "A  note  on  middle 

unitary  semigroups"  nineteen  years  ago.   Recently  Ault  has 

published  a  paper  in  this  area  in  which  she  found  that  every 

(regular)  semigroup  can  be  embedded  in  a  single  (regular) 

semigroup  with  midunits  which  are  neither  left  nor  right 

identities  [1]  . 

After  giving  topological  and  algebraic  preliminaries  in 

Chapter  I,  we  introduce  the  main  notion  of  this  work,  which 

is  midunit,  and  discuss  some  basic  properties  of  it  in 

Chapter  II.   Among  these  basic  properties  of  midunits  we 

1 


describe  the  structure  of  the  set   of  idempotent  midunits 
and  the  union  of  all  maximal  qroups  which  contain  a  midunit 
as  identity,  as  well  as  the  interrelation  between  them. 
Chapter  III  is  mainly  an  investigation  of  the  structure 

and  interrelation  of  J  and  M  in  a  compact  semigroup  S  with 

2 
midunit  satisfying  S   =  S,  where  J  is  the  ^-class  of  the 

midunits  and  M  is  the  set  of  all  midunits.   In  this  direc- 
tion we  prove  that  J  is  the  unique  maximal  Q    class  in  S, 
which  is  a  completely  simple  semigroup  whose  idempotents 
are  midunits  and  form  a  rectangular  band.   Professor  Sigmon 

raised  the  question  of  whether  a  compact  semigroup  S  satisfying 

2 
S   =  S,  with  a  unique  maximal  ^-class  forming  a  completely 

simple  semigroup  must  contain  a  midunit.   The  answer  to  this 

question  is  given  in  Chapter  IV.   More  precisely,  we  prove 

that  if  S  contains  at  most  four  elements  and  satisfies 

2 
S   =  S,  then  any  idempotent  v  satisfying  SvS  =  S  must  be  a 

midunit.   On  the  other  hand  we  give  an  example  of  a  semigroup 

2 
with  five  elements  which  satisfies  the  condition  S   =  S  and 

has  a  unique  maximal  ^-class  which  is  a  completely  simple 
subsemigroup,  but  S  does  not  have  a  midunit.   As  a  continua- 
tion of  Chapter  III,  we  prove  in  Chapter  V  that  the  ^-class 

J  of  the  midunits   in  a  continuum  semigroup  of  codimension 

2 
one  satisfying  S   =  S  /  K  is  totally  disconnected.   In  the 

process  of  proving  this,  we  present  a  rather  short  proof  of 

an  interesting  result;  namely,  that  if  S  is  a  continuum 

semigroup  with  finite  codimension,  then  cd (H  )  <  cd(S)  for 

all  a  in  S  such  that  H   ^  K. 

3 


The  structure  of  the  complement  of  the  ^-class  of 

2 
midunits  in  a  continuum  semigroup  satisfying  S   =  S  /  K 

will  be  studied  in  Chapter  VI.   Also  as  a  generalization  of 
the  notion  of  irreducible  clan,  we  introduce  and  investigate 
the  structure  of  minimal  continuum  semigroups  with  midunits 
in  the  latter  part  of  Chapter  VI.   In  Chapter  VII  we  study 
in  detail  a  method  of  constructing  new  semigroups  with  mid- 
units  from  given  known  semigroups.   The  importance  of  this 
method  is  that  it  could  transfer  problems  in  general  semi- 
groups into  problems  of  semigroups  with  midunits  and  vice- 
versa.   By  using  this  method  and  results  of  preceding  chapters 
it  is  not  difficult  to  prove  that  if  S  is'  a  compact  semi- 
group, v  is  a  ^-maximal  idempotent,  J  is  the  ^-class  of  v, 
and  vJv  C  j,  then  J  is  homeomorphic  to  a  cartesian  product 
of  a  rectangular  band  with  H  ,  the  maximal  subgroup  which 
contains  v.   Furthermore,  if  cdS  =  1  and  S  ^   K,  then  J  is 
totally  disconnected. 

In  Chapter  VIII  and  Chapter  IX  we  discuss  those  semi- 
groups which ,  due  to  their  topological  structure,  do  not 

2 
admit  a  proper  midunit  under  the  condition  S   =  S  ^   K,   In 

this  class  of  spaces  there  are  D-spaces,  a  circle  with  a 

closed  interval  issusing  from  a  point  on  the  circle,  etc. 

Chapter  X  is  devoted  to  exploring  those  semigroups  S  on  the 

2 

two-cell  with  midunit  and  zero  satisfying  S   =  S.   The 

cohomology  theory  used  is  that  of  Alexander-Wallace-Spanier 
with  arbitrary  coefficient  group  unless  otherwise  specified. 

Let  S  be  a  semigroup  on  the  two-cell  with  midunit  and  zero 

2 

satisfying  S   =  S ,  M  be  the  set  of  all  midunits,  and  H   be 


the  maxima]  cjroup  containing  the  midunit  v.   If  either 

H  (II  )  ^  0  or  H  (M)  •/  0.  then  every  midunit  must  be  either 

left  or  right  identity  for  S. 

The  last  two  chapters  deal  with  cohomological  results 

2 
in  continuum  semigroups  with  midunit  satisfying  S   =  S  /  K 

which  are  analogous  to  those  holding  for  continuum  semi- 
groups with  identity.   The  problem  of  whether  a  midunit  in 

2 

a  continuum  semigroup  satisfying  S   =  S  ?   K  must  be  marginal 

remains  open.   We  prove  however ,  in  Chapter  XI  that  if 
H   fl  [  (Sv  U  vS) \vSv]   =  Q,  where  H   is  the  maximal  group 
containing  v,  then  each  point  of  H   in  marginal  in  S .   In 
Chapter  XI  we  are  concerned  with  the  acyclicity  of  a  con- 
tinuum semigroup  with  midunit.   An  example  is  given  of 

a  continuum  semigroup  with  zero  and  midunit  satisfying 

2 
S   =  S  which  is  not  acyclic.   We  introduce,  however,  the 

notion  of  a  continuously  factorable  semigroup  and  prove  that 
if  S  is  a  continuously  factorable  continuum  semigroup  with 
zero  and  midunit,  then  S  is  acyclic.   We  end  this  introduc- 
tion with  an  unsolved  problem:   Must  a  continuously  factor- 
able continuum  semigroup  with  zero  be  acyclic? 


CIIAPT'.'P  L 
PRELIMINARIES 

Topological  Preliminaries.   Throughout  this  work  a  space  will 
always  be  a  Hausdorff  topological  space.   If  A  and  B  are 
subsets  of  a  space  X,  then  the  complement  of  B  in  A  will  be 
denoted  by  A\B.   The  empty  set  is  denoted  by  □•   If  A  is  a 

subset  of  the  space  X,  then  the  closure  of  A  in  X  will  be 

*  o  *   o 

denoted  by  A  ,  the  interior  by  A  ,  and  the  boundary  (A  \A  ) 

*  o 
by  F(A) .   A  is  said  to  be  nowhere  dense  if  (A  )   =  Q.   A 

continuum  is  a  compact  connected  Hausdorff  space.   The  terms 

map  and  continuous  function  are  synonomous .   If  a  map  is 

one- to-one ,    onto  and  open  it  is  a  homeomorphism .   The  term 

iff  will  mean  "if  and  only  if". 

Let  X  and  Y  be  spaces.   A  relation  from  X  to  Y  is  a 

subset  of  the  cartesian  product  X  x  Y.   A  relation  on  X  is  a 

subset  of  X  x  X.   If  F  is  a  closed  subset  of  X  x  Y,  we  call 

r  a  closed  relation  from  X  to  Y.   If  T  is  a  relation  on  X, 

then  r_1  =  ( (y,x) | (x,y)  e  T) .   The  diagonal  of  X  x  X  will 

be  denoted  by  Av;  that  is,  Av  =  {(x,x)|x  e  X} .   The  relation 

T  on  X  is  reflexive  if  A„  C  r,  symmetric  if  F  =  T      ,    anti- 

symmetric  if  T   fl  T~     C  A  ,  and  transitive  if  (x,y)  e  T   and 

(y,z)  e  r  imply  (x,z)  el*.   A  quasi-order  is  a  reflexive 

transitive  relation.   A  partial  order  is  an  anti-symmetric 

quasi-order.   An  equivalence  relation  is  a  symmetric 


quasi-ordcr.   For  an  equivalence  relation  ['  on  a  space  X, 

Y 

denotes  the  set  of  equiv  : once  classes  of  V.       If  X  is 
compact  and  r  is  closed,   /   endc/^d  with  the  quotient 
topology  is  a  space.   If  A  i  -  a  closed  subset  of  the  space, 
we  may  define  T   on  X  to  be  the  set  of  all  ordered  pairs  (x,y) 

in  X  x  X  such  that  either  x  =  y  or  x  and  y  are  elements  of 

X  X 

A.   Then  the  space  '      is  written   •'  . 

If  r  is  a  relation  on  X  and  b  is  a  point  of  X,  then 
L(b)  =  {bl  U  [x|  (x.b)  e  D,  M(b)  =  [b]  U  [y|(b,y)  e  r)  ,  and 
L,  =  L(b)  fl  M(b).   If  A  is  a  subset  of  X,  then  L(A)  denotes 
the  union  of  all  sets  L(a)  for  which  a  6  A.   It  is  easily 
verified  that  if  X  is  compact  and  T   is  closed,  L  (A)  is  closed 
for  each  closed  subset  A  of  X. 

The  cohomology  theory  used  is  that  Alexander-Wallace- 
Spanier  with  arbitrary  coefficient  aroup  unless  otherwise 
specified.   Throughout  this  work  we  shall  use  reduced 
groups  in  dimension  0.   On  occassion  we  shall  require  cer- 
tain standard  results  concerning  the  cohomology  of  compact 
spaces  as  follows  [13]. 

1-1  Mayer-Vie toris  Sequence  Theorem.   If  for  each  quadruple 
(X;A,,B;C),  where  X  is  fully  normal,  A  and  B  are  closed  subsets 
of  X  with  X  =  A  U  B,  and  C  C  A  fl  B,  we  set  A  =  j  k    6 
where  6:  HP-1(A  n  B,C)  -  HP(A,A  D  B) ,  k:  (A, A  n  B)  C  (X,B), 

and  j:  (X,C)  C  (X,B),  then  the  following  sequence 

*       '*  •  *  •  '* 

HP(A  0  B,C)  &   HP(X,C)  fc  Xt^  HP(A,C)  X  HP(B,C)  L  -1  r 

HP(A  fl  B,C)  ->  is  exact,  where  i,  i',  t,  and  t '  are  inclusion 

maps . 
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In  particular,  this  holds  wh-",  X  is  compact,  since  a 

compa  c  t  s  pa  c  e  i  s  f  u  1 1  y  n  o  i  m  n  1 . 

Let  X  be  a  space  and  b  c  HP(X)  .   If  A  C  x,  then  h|A 

denotes  the  image  of  h  under  the  natural  homomorphism 

* 
HP(X)^  HP(A)  . 

1-2  Reduction  Theorem.   Suppose  A  is  closed  in  the  fully 

normal  space  X  and  h  e  HP  (X)  .   If  h|A  =  0,  then  there  is  an 

i  * 
open  set  M  containing  A  such  that  h|M   =0. 

Let  X  be  a  space  and  A  be  a  subset  of  X.   Let  i :  A  -»  X 

be  the  inclusion  map  and  h  e  H  (A) .   Then  h  is  extendible  to 

P  * 

H^(X)  if  h  e  Im(i  ).   A  closed  subset  R  of  X  is  a  roof  for  h 

if  h  is  not  extendible  to  H  (R  U  A)  while  R  is  extendible  to 

H  (R'  U  A)  for  any  proper  closed  subset  R'  of  R. 

1-3  Roof  Theorem.   Suppose  X  is  a  compact  space,  A  is  a 

closed  subset  of  X  and  h  e  H  (A)  . 

(1)  If  h  is  not  extendible  to  HP  (X) ,  then  h  has  a  roof. 

(2)  If  R  is  a  roof  for  h  and  h   =  h|  R  0  A,  then  h   ^  0, 

* 
R  is  a  roof  for  h  ,  R  =  (R\A)  ,  and  R\A  is  connected, 

Two  maps  f,g:  X  -  Y  are  weakly  homotopic  if  there  is 

a  continuum  T,  a  map  F:  X  X  T  -  Y  and  a  pair  cf  elements  t 

and  t   of  T  such  that,  for  all  x  of  X,  f(x)  =  F(x,t  )  and 

g(x)  =  F(x,t1)  [14]  . 

1-4  Homotopy  Theorem.   If  X  is  a  compact  space  and  if 

f,g:  X  -•  Y  are  weakly  homotopic  maps,  then 

f   =  g  :  HP(Y)  -  HP(X)    for  each  p. 

Topological  Algebraic  Preliminaries.   Throughout  this  work 

a  topological  semigroup  (S;m)  will  be  a  space  S  endowed 

with  a  continuous,  association  multiplication  m.      If  no 


confusion  seems  likely,  we  simply  let  xy  denote  m(x,y)  and 

AB  =  fxy|x  a    A  and  y  <  B] ,  where  A  and  B  are  subsets  of  S. 

2 
An  idempotent  is  an  idempotent  e  such  that  e   =  e.   The 

set  of  idempotents  will  be  denoted  by  E.   Each  idempotent 
e  belongs  to  a  unique  maximal  subgroup  of  S,  denoted  by  H  , 
and  distinct  idempotents  have  disjoint  maximal  subgroups. 
A  nonempty  set  A  is  a  left  (right ,  two-sided)  ideal  of  S 
provided  SA  C  A  (AS  C  A ,  AS  U  SA  C  A).   It  is  well  known 
that  a  compact  semigroup  S  has  a  unique  minimal  two-sided 
ideal,  denoted  by  K,  which  is  known  to  be  a  retract  and  is 
a  union  of  maximal  groups  [17] .   Let  S  be  a  semigroup.   An 
element  v  is  a  left  (right)  identity  if  va  =  a  (av  =  a)  for 
all  a  in  S ;  v  is  an  identity  if  it  is  both  a  left  and  right 
identity  of  S  [2]0   A  clan  is  a  continuum  semigroup  with  identity. 
A  clan  S  with  identity  v  is  called  irreducible  if  it  does  not 
contain  a  proper  subcontinuum  semigroup  T  containing  v  with 
T  n  K  4-   Q.   For  more  information  about  irreducible  clans 
the  reader  is  referred  to  [6]  and  [15]  . 

The  following  is  a  result  due  to  Wallace  [16]  which 
will  be  of  importance  in  the  sequel. 

1-5  Swelling  Lemma.   Let  S  be  a  compact  semigroup  and  A  a 
closed  subset  of  S.   If  A  C  Ax  for  some  x  €  S,  then  A  =  Ax. 

If  S  is  compact,  then  maximal  elements  exist   and  each  ele- 
ment of  S  is  below  a  maximal  element.   Also  if  S  is  compact 
and  a  is  ^-maximal,  then  a  is  £ -maximal  as  well  as  R-maximal 

[11] .   The  following  theorem,  due  to  McCharen  [11] ,  concern- 
ing maximal  elements  in  a  compact  semigroup  will  be  important 

in  the  sequel. 
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1-0-,    Tlicoi'om.   If  S  is  a  compact  semigroup  satisfying 
S   =  S  and  b  is  a  7-maximal  element  of  S,  then  b  e    ESE. 

7\  point  p  in  a  continuum  X  is  a  weak  cut  point  between 

a and  b  if  a  and  b  are  points  in  X  different  from  p,  and  any 

subcontinuum  of  X  containing  a  and  b  also  contains  p.  The 
point  p  is  simply  a  weak  cut  point  if  there  exists  a  and  b 
such  that  p  is  a  weak  cut  point  between  a  and  b  [21]. 

1-7  Theorem.   Let  S  be  a  continuum  semigroup  satisfying 

2 
S   -S.   Ifeisa  ^-maximal  idempotent  of  S  which  is  a  weak 

cut  point  of  S ,  then  S  =  K. 

A  point  p  in  a  continuum  X  is  a  local  separating  point 

of  X  if  p  separates  the  component  containing  p  of  some  closed 

neighborhood  of  p  [21]. 

2 
1-8  Theorem.   Let  S  be  a  continuum  semigroup  with  S   =  S, 

a  an  ^-maximal  element  of  S,  and  a  e  SE.   If  a  is  a  local 

separating  point  of  S,  then  a  e  K. 

It  is  true  that  if  S  is  compact  semigroup  and  a  is 

^-maximal  then  a  is  £ -maximal.   It  follows  from  Theorem  1-6, 

2 
that  if  S  is  a  continuum  semigroup  satisfying  S   =  S  ±  K, 

and  b  is  a  ^-maximal  element  of  S,  then  b  is  not  a  local 

separating  point  of  S. 

Also  under  some  conditions  on  S ,  a  ^-maximal  idempotent 

cannot  have  a  two-dimensional  Euclidean  neighborhood  as 

follows . 

1-9  Theorem.   Let  S  be  a  continuum  semigroup  satisfying 

S  =  ESE,  and  suppose  e  is  a  ^-maximal  idempotent  element  of  S 

If  S  is  a  subset  of  the  complex  plane  (C,  S  4   K,  then  e  lies 

on  the  boundary  of  S  in  (C. 


CHAPTER  II 


BASIC  PROPERTIES  OF  MIDUNITS 


It  is  our  purpose  in  this  chapter  to  introduce  the  main 
notion  of  this  work,  which  is  midunit,  and  discuss  some 
basic  properties  of  it.   In  particular,  we  study  the  structure 
of  the  set  of  all  idempotent  midunits  and  the  union  of  all 
maximal  subgroups  which  contain  an  idempotent  midunit  as  an 
identity.   A  point  v  of  a  semigroup  S  is  called  a  midunit 
if  avb  =  ab  for  any  pair  of  elements  a  and  b  of  S.   It  is 
evident  that  a  one-sided  identity  is  a  midunit,  while  a 
midunit  may  not  even  be  an  idempotent.   A  midunit  v  of  a 
semigroup  S  is  proper  if  it  is  neither  a  left  identity 
nor  a  right  identity  of  S.   We  begin  with  some  examples  of 
semigroups  in  which  a  midunit  could  exist  without  being  a 
left  identity,  right  identity,  or  even  an  idempotent. 
2-1  Example.   Let  S  be  topologically  the  closed  unit  interval 
[0,1].   We  define  two  multiplications  on  S  as  follows: 

(1)  Define  ab  =  0  for  any  pair  of  elements  a  and  b  of 
S.   Then  every  point  of  S  is  a  midunit  and  0  is 
the  only  idempotent  midunit  of  S. 

(2)  Define  ab  =  minimum  {-2,a,b}  for  any  pair  of  elements 
a  and  b  of  S.   Then  every  point  of  h?,!]  i-s  a  m^~ 
unit  of  S  but  only  -r  is  an  idempotent  midunit. 
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1J 

Besides  showing  the  existence  of  proper  midumits  these 
ox,)ii'l'N\s  also  show  that  a  midunit  can  occur  more  pathologi- 
cally Lh  m  a  one-sidr-1  identity,  not  only  in  an  algebraic 
but  also  in  a  topological  sense. 

'['lie  following  is  a  lemma  concerning  idempotent   midunits 
which  is  also  known  to  Janet  E.  £ult  [1] . 

2-2  Lemma,   Let  S  be  a  semigroup  with  midunit.   If  a  and  b 
are  midunits  of  S,  then  ab  is  an  idempotent  midunit. 
2-3  Lemma.   Let  S  be  a  semigroup  with  midunit  b.   If  for 
some  point  d,  bd  is  a  midunit  of  S,  then  d  is  a  midunit  and 
bd  is  an  idempotent. 

Proof.  Let  x  and  y  be  a  pair  of  elements  of  S.  Then 
xdy  =  xb(dy)  =  x(bd)y  =  xy,  i.e.,  d  is  a  midunit  of  S.  By 
Lemma  2-2  we  know  that  bd  is  an  idempotent. 

Let  S  and  S  be  two  semigroups.   A  mapping  f  of  S  into 
S  is  called  a  homomorphism  if  ijj(ab)  =  i|i(a)i|/(b)  for  all  a, 
b  in  S .   A  one-to-one  homomorphism  i|j  of  S  onto  S  is  called 
an  isomorphism  of  S  onto  S.   If  v  is  a  midunit  of  S  and  iji  is 
a  homomorphism  from  S  onto  S,  then  ij/  (v)  is  a  midunit  of  S. 
A  semigroup  is  called  a  band  if  all  points  of  S  are  idempo- 
tent.  A  semigroup  S  is  called  a  rectangular  band  if  S  is 
isomorphic  to  L  x  R,  where  L  is  a  semigroup  with  left  zero 
multiplication,  R  is  a  semigroup  with  right  zero  multipli- 
cation and  L  x  R  is  a  semigroup  with  coordinatewise 
multiplication. 

2-4  Proposition.   Let  S  be  a  semigroup  with  midunit  and  M 
be  the  set  of  all  idempotent  midunits  of  S.   If  v  is  an  ele- 
ment of  M  then 


32 

(1)  Mv  is  a  subsemigroup  with  left  zero  multiplication 
and  vM  is  a  subsemigroup  with  right  zero  multipli- 
cation. 

(2)  Let  Mv  x  vM  have  coordinatewise  multiplication,  i.e., 

(u,w)  (u,w)  =  (uu,ww)  ,  and  i|r :  Mv  x  vM  -  M  be  defined 
by  \j/((u,w))  =  uw.   Then  ijj  is  an  isomorphism.   Hence, 
M  is  a  rectangular  band. 
Proof.   (1)   From  Lemma  2-2  we  know  that  M  is  not  empty. 

Let  u  and  w  be  two  elements  of  Mv.   Then  uw  =  (uv)wv  = 

2 
(uv)v  =  uv   =  u,  i.e. ,  Mv  is  a  subsemigroup  with  left  zero 

multiplication.   Similarly  we  could  prove  that  vM  is  a  sub- 
semigroup  with  right  zero  multiplication.' 

(2)   To  prove  that  i|/  is  a  homomorphism,  we  let  (u,w)  and 
(u,w)  be  two  elements  of  Mv  x  vM.   Then 

\|/((u,w))\li((u,w))  =   (uw)  (uw)  =  (uw)w  =  uw,  and 
f((u,w)  (u,w))  =  \|(((uu,ww))  =  \|i((u,w))  =  uw. 
Then  f  is  a  homomorphism.   To  prove  that  ty  is  a  one-to-one 
mapping,  we  let  (u,w) ,  (u,w)  be  any  two  elements  of  Mv  x  vM 
such  that  i|[((u,w))  =  \|i((u,w)),  i.e.,  uw  =  uw.   Then 
uwv  =  uv  =  u  and  uwv  =  uv  =  u,  but  uwv  =  uwv  hence  u  -  u. 
Similarly  we  can  prove  that  w  =  w.   It  is  easy  to  see  that 

if    is  an  onto  mapping,  since  any  idempotent  u  can  be  written 

2 

as  u  =  u   =  uwu  =  i|i  (  (uv,vwl  ).   The  proof  is  complete. 

Recall  that  if  S  is  a  semigroup  and  b  an  element  of  S, 
the  smallest  left  (right,  two-sided)  ideal  containing  b  is 
denoted  by  L  (b)  ,  (R(b),  J(b)),  and  the  ti-class  which  contains 
b  is  denoted  by  Hfe.   If  b  is  an  idempotent  then  H,  is  the 
maximal  subgroup  of  S  which  contains  b. 
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2-5    Lemma.       r,^1     S    bo    a    semigroup   with       '   limits.       Tf    u    and   v 

are    two    idempotent    midurits    of    S.    then    H   II      r     T',,v- 

Proof .       Lot    x    c    fl       and    \  H      wc    wart    to    picvc    that 

xv    e    H      .       By    the   definition   of    il-class  .    wc    have 

xS    =    uS ,    Sx   =   Su,    yS    =   v°     :nd    :"y    -   Sv. 

Then  L(xy)   =  xy  !  Sxy  =  uxy  U  Sxy  =  Sxy  =  Suy  =  Sv  =  Sv  =  Suv 

=  L(uv) ,  and  similarly  R(xy)  =  Rfuv) , 

This  implies  that  xy  e  H 

r  i    uv 

If  S  is  a  semigroup  without  zero,  then  S  is  simple  if 
S  does  not  properly  contain  an  i^eal.   Further,  S  is 
c omp let ely  s n .  .pic  if  S  is  simple  and  contains  a  primitive 

idempotent.   An  idempotent  e  is  called  primitive  if 

2 

ef  =  fe  =  f ,  f   =  f  implies  e  -  f  [21 . 

2-6  Proposition.   Let  S  be  a  semigroup  with  midunits  and  M 

be  the  set  of  all  ideir.f  tent  midunits  of  S.   If  N  =   U  H  , 

veM 
then  N  is  a  completely  simple  '-u.bsemi  group ,  in  which 

M  is  a  subsemigroup.   More  precisely,  let  v  be  a  midunit  and 

consider  Mv  x  H  <   vM  with  coordinatewise  multiplication. 

v  c 

If  f:  Mv  x  H   x  vM  ~>  N  is  defined  by  iji(u,x,w)  =  uxw ,  then  i|r 
is  an  isomorphism  under  which  i)/ [Mv  x  [v]  x  vM]  =  M. 

Proof.   From  Lemma  2-5,  we  Iknow  that  N  is  a  subsemi- 
group.  If  P  is  an  ideal  of  N,  then  it  is  evident  that 
P  fl  M  ^  n.   Let  v  e  P  (1  M,  and  z  be  an  element  in  N.   Then 

z  e  H   for  some  w  e  M,  i.e. ,  z  =  wz .   Since  v  is  a  midunit 

w  '      ' 

we  have  wvz  =  wz  =  z,  thus  z  e  P.   This  proves  that  P  =  N. 

In  order  to  prove  that  the  midunit  v  is  primitive,  we  let 

u  e  M  such  that  uv  =  vu  =  u.   Then  v  =  (vu)v  =  (uv)v  =  uv  =  u , 
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which  implies  that  v  is  primitive.   Hence  N  is  a  completely 
simple  subsemigroup.   The  proof  of  ty  is  an  isomorphism  and 
i|l  [Mv  x  [v]  x  vM]  =  M  are  essentially  the  same  as  what  we 
did  in  Proposition  2-4. 


CHAPTER  III 


THE  ^-CLASS  OF  MIDUNITS  IN  A  COMPACT  SEMIGROUP 


In  this  chapter  we  investigate  the  structure  and  inter- 
relation of  J  and  M  in  a  compact  semigroup  S  with  midunit 

2 

satisfying  S   =  S,  where  J  is  the  ^/-class  of  the  midunits 

and  M  is  the  set  of  all  midunits.   We  note  here  that  under 

2 
the  condition  S   =  S  all  midunits  belong  to  the  same  ^-class 

as  described  in  Proposition  3-1.   From  Theorem  1-6  we  have 

2 

that  if  S  is  a  compact  semigroup  satisfying  S   =  S  and  z  is 

a  ^-maximal  element  of  S  then  there  exists  a  pair  of  idempo- 
tents  e  and  f  such  that  z   =  ezf. 

3-1  Proposition.   Let  S  be  a  compact  semigroup  with  midunit 

2 
satisfying  S   =  S.   Then 

(1)  There  is  cnly  one  maximal  ^-class  in  S  and  this 
^-class  contains  all  midunits. 

(2)  All  midunits  are  idempotent. 
Proof.   Let  z  be  a  midunit  in  S.   Then 


2 
J(z)  =  z  U  Sz  U  zS  U  SzS  Z>  SzS  =  S   =  S;   thus  J(z)  =  S. 

This  implies  that  all  midunits  are  in  the  same  ^/-class, 

which  is  the  only  maximal  ^-class  in  S.   Let  e  and  f  be  two 

idempotents  such  that  z  =  ezf.   Then  z  =  ez  so  that  by  Lemma 

2-3  we  know  that  z  is  an  idempotent. 
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.  .     2 

3-2  Remark.   Without  the  algebraic  condition  S   =  S,  none  of 

the  results  in  Proposition  3-1  remain  true.   Recall  in  Example 

2       1  1 

2-1  part  (2)  that  S   =  [0,-|]  J-   S  and  every  point  of  h^lj 

is  a  midunit  of  S  while  only  ~-  is  an  idempotent  midunit.   On 

the  other  hand,  J  (-|)  =  [0,-|j  and  J(l)  =  [0,-|]  U  [1)  .   Hence 

midunits  1  and  -z   are  not  even  in  the  same  ^-class. 

The  following  lemma  is  due  to  Koch  and  Wallace.   For 
its  importance  to  this  work  and  convenience  to  the  reader, 
we  repeat  its  proof  [20] . 

3-3  Lemma.   Let  S  be  a  compact  semigroup.   If  x,  y  are  two 
points  in  S  and  L  (x)  C  L(y)  C  J(x),  then  L(x)  =  L  (y)  . 

Proof.   To  avoid  the  triviality  of  its  proof  we  may 
assume  that  y  /   x.   y  e  J(x)  implies  that  y  =  xt   y  =  t2x  or 

V  =  t-,xt.  for  some  elements  tn  ,t„,t~  and  t.  of  S.   In  case 

■*     3   4  r  2'  3       4 

y  =  t„x,  then  L (y)  C  L(x) ,  by  assumption  L (x)  C  L(y) ,  we 
have  the  equality  L (x)  =  L (y) .   In  case  y  =  t,xt    then 
L(y)  =  t3xt4  U  St3xt  ;  thus  L  (x)  C  L  (y)  C  L(x)  t^    so  that 
L(x)  =  L(y)  by  the  Swelling  Lemma  1-5.   If  y  =  xt^.,  the 
proof  is  similar. 

The  following  hypothesis  is  held  fixed  throughout  .  the 

remainder  of  this  chapter: 

2 
S  is  a  compact  semigroup  with  midunit  satisfying  S   =  S. 

We  let  J  be  the  ^-class  of  the  midunits,  M  be  the  set  of  all 

midunits,  and  H  be  the  W-class  of  midunit  v. 

3-4  Proposition.   x  e  J  iff   SxS   =  S. 

Proof.  (=>)   If  x  is  an  element  of  J,  then  by  Theorem  1-6 

there  exist  a  pair  of  idempotents  e  and  f  such  that  x  =  exf. 
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Since  x  U  xS  U  Sx  =  exf  U  exS  U  Sxf  C  SxS,  we  have 
J(x)  =  x  U  xS  U  Sx  U  SxS  =  SxS.   Also  since  x  is  in  the 
£-class  of  midunits ,  hence  J (x)  =  S,  or  SxS  =  S. 

(<=)  If  SxS  =  S,  the  J(x)  =  S  i.e.,  x  e  J,  because 
there  is  only  one  maximal  ;~~class  in  S ,  as  mentioned  in 
Proposition  3-1. 

3-5  Proposition.   If  x  e  J,  then  L(xv)  =  L(v),  R(vx)  =  R(v) 
and  vxv  e  H   for  any  v  e  M. 

Proof.   From  Proposition  3-4  we  have  that  SxS  =  S. 

Then  SxS  =  SxvS  since  v  is  a  midunit;  thus  SxvS  =  S,  which 

implies  that  xv  e  J  by  Proposition  3-4.   Hence  we  have 

L(xv)  C  L(v)  C  J(xv),  wh.'rh  implies  that  L(xv)  =  L  (v)  by 

Lemma  3-3.   Similarly  we  can  prove  R(vx)  =  R(v).   Hence  it 

follows  that  vxv  e  H  . 
v 

3-6  Proposition.   xygJiffxeJ  and  y  e  J. 

Proof .   («=)    If  x  and  y  are  a  pair  of  elements  of  J  and 
v  is  a  midunit,  then  wv  and  vyv  belong  to  H   by  proposition 
3-5.   From  Proposition  3-1  we  know  that  v  is  an  idempotent 
so  that  Hv  is  a  group.   Since  H   is  a  group  we  have  that 
vxyv  =  vxvvyv  is  an  element  of  H  .   On  the  other  hand  we  have 
SxyS  =  SvxyvS  =  SvS  =  S;  then  xy  e  J  by  Proposition  3-4. 

(=0   It  follows  easily  from  Proposition  3-4. 
3-7  Proposition.   M  =  J  ("1  E. 

Proof.   Let  v  be  a  midunit  and  u  an  element  of  J  n  E. 

It  follows  from  Proposition  3-5  that  vuv  e  H  ,  and  also 

2  2 

we  have  (vuv)   =  vuvvuv  =  vuvuv  =  vu  v  =  vuv,  i.e.  vuv  is  an 

idempotent  in  the  group  H  .   Since  there  is  only  one  idempo- 
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tent  in  a  group  we  have  vuv  =  v.   From  Lemma  2-3  we  know 
that  vu  is  a  midunit.   But  since  (vu)u  =  vu ,  one  has  that  u 
is  a  midunit.   This  proves  that  J  (1  E  C  M.   On  the  other 
hand,  M  C  J  HE  follows  from  Proposition  3-1. 
3-8  Proposition.   J  is  a  completely  simple  subsemigroup. 
Proof.   Since  J  is  a  ^-class  in  a  compact  semigroup 
hence  J  is  a  closed  set  in  S.   From  Proposition  3-6  we  have 
that  J  is  a  compact  subsemigroup.   If  K(J)  is  its  minimal 

ideal  and  v  is  an  idempotent  in  K (J) ,    then  v  is  a  midunit 

2 
from  Proposition  3-7.   By  assumption  S   =  S  so  for  each 

element  z  in  J  we  can  write  z  as  z  =  xy  for  some  elements 

x  and  y  in  S.   Thus 

z  =  xy  =  xvy  e  K(J) ,  which  implies  K(J)  =  J. 

To  prove  the  midunit  v  is  primitive,  we  let  v  e  J  f]  E, 
such  that  vu  =  uv  =  u.   Then  v  =  (vu)v  =  (uv)v  =  uv  =  u, 
which  implies  that  v  is  primitive.   Hence  J  is  a  completely 
simple  subsemigroup  [5] . 

We  now  collect  the  preceding  results  of  this  chapter 
into  the  main  theorem  of  this  chapter. 

3-9  Theorem.   Let  S  be  a  compact  semigroup  with  midunit 

2 
satisfying  S   =  S.   Let  J  be  the  ^-class  of  the  midunits  and 

M  be  the  set  of  all  midunits  of  S.   Then 

(1)  J  is  the  unique  maximal  ^-class  in  S  and  is  a 
completely  simple  subsemigroup,  whose  idempotents 
form  a  rectangular  band. 

(2)  M  =  J  0  E  . 
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(3)   More  precisely,  lot  v  be  a  midunit.   Then  Mv  and 
vM  are  subsemigr oups  with  left  zero  and  right 
zero  multiplications,  respectively,  and  if 
i|r :  Mv  \  H   x  vM  -   J  is  defined  by  \ji((u,x,w))  =  uxw, 
then  ^    is  an  isomorphism  under  which  the  image  of 
Mv  x  ( v ]  x  vM  i s  M . 
Proof.   (1)  and  (2)  follow  from  Proposition  2-4, 
Proposition  3-1,  and  Proposition  3-7.   Analogous  to  the 
proof  of  Proposition  2-4,  we  can  prove  that  Mv  and  vM  are 
subsemigroups  with  left  zero  and  right  zero  multiplication, 
respectively.   From  (1)  and  (2)  we  have  J  =  U  (H  |v  e  M], 
so  that  the  proof  that  ty  is  an  isomorphism  is  the  same  as 
that  of  Proposition  2-6. 


CHAPTER  IV 
FINITE  SEMIGROUPS  WITH  MIDUNIT 

In  this  chapter  we  study  finite  semigroups  which  satisfy 

2 
S   =  S  with  a  unique  maximal  ^-class  which  is  a  completely 

simple  subsemigroup.   Recall  that  we  proved  in  Theorem  3-9 

2 
that  in  a  compact  semigroup  S  with  midunit  satisfying  S   =  S, 

the  ^-class  of  the  midunits  is  maximal  and  is  a  completely 

simple  subsemigroup.   The  converse  of  this'  is  not  true  in 

general,  even  on  a  semigroup  containing  only  five  elements. 

That  is,  we  will  give  an  example  of  a  semigroup  S  with  five 

2 
elements  satisfying  S   =  S  which  has  a  unique  completely 

simple  maximal  ^-class,  but  does  not  have  a  midunit.   Also 

we  will  give  an  example  of  a  semigroup  S  with  four  elements 

2 
satisfying  S   =  S  and  containing  a  proper  midunit.   We  begin 

with  a  generalized  definition  of  midunit. 

4-1  Definition.   Let  S  be  a  semigroup  and  A  and  B  be  two 

nonempty  subsets  of  S.   A  point  v  of  S  is  called  a  midunit 

relative  to  [A,B]  if  avb  =  ab  for  all  ordered  pairs  (a,b)  of 

A  x  B. 

A  midunit,  as  previously  defined,  is  then  a  midunit 

relative  to  [S,S]  . 

2 
4-2  Proposition.   Let  S  be  a  semigroup  satisfying  S   =  S  and 

v  be  an  idempotent  of  S  such  that  SvS  =  S.   Then  v  is  a 

midunit  of  S  iff  v  is  a  midunit  relative  to  [vS\vSv,  Sv\vSv] . 

20 
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Proof.   (->)   The  proof  is  trivial. 

(<■.)    If  a  and  b  are  two  elements  of  S,  then  there 
exists  a  ,a„,  b,  and  b~  in  S  such  that  a  =  a  va„  and  b  =  b..vb„ 
In  case  va.  e  Sv ,  i.e. .  va„v  =  va„,  then 

avb  =  a  va„vb  =  a  (va„v)b  =  a  (va„)b  =  ab. 
In  case  b  v  e  vS ,  then  avb  =  ab,  similarly.   Suppose  that 
neither  of  these  cases  occur,  i.e.,  va„  e  vS\vSv  and 
b  v  g  Sv\vSv.   Then  by  assumption  that  v  is  a  midunit  relative 
to  [vS\vSv,  Sv  vSv] ,  we  have  (va„)v(b  v)  =  va„b  v;  thus 

avb  =  a  (va.vb  v)b„  =  a  (va  b.vjb,  =  ab. 

Hence  the  proof  is  complete. 

2 
4-3  Proposition.   Let  S  be  a  semigroup  satisfying  S   =  S  and 

v  be  an  idempotent  of  S  such  that  SvS  =  S.   Then  the  follow- 
ing statements  hold. 

(1)  vS\vSv  =  □  iff  v  is  a  right  identity  for  S, 

(2)  Sv\vSv  =  □  iff  v  is  a  left  identity  for  S. 
Proof.   (1)  (<=)    If  v  is  a  right  identity,  then 

vS\vSv  =  vS\v(Sv)  =  vS\vS  =  Q.   Similarly  if  v  is  a  left 
identity  for  S,  then  SvVvSv  =  Q. 

(=*)   If  vS\vSv  =  □,  then  vS  =  vSv.   Therefore 
S  =  S  (vS)  =  SvSv  =  Sv;  i.e.,  v  is  a  right  identity  for  S. 
The  proof  of  (2)  is  similar. 

If  A  is  a  set,  then  its  cardinality  will  be  denoted  by 

n(A). 

2 

4-4  Proposition.   Let  S  be  a  semigroup  satisfying  S   =  S  and 

v  is  an  idempotent  of  S  such  that  SvS  =  S.   If  S  is  finite 
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and  v  is  neither  a  left  nor  a  right  identity  of  S,  then 
n(vSv)  <  n(S)  -  1. 
Proof.   Suppose  the  conclusion  is  not  true  and  let  S 
be  a  finite  semigroup  with  cardinality  n(S)  -   m,  and  v  be  an 
idempotent  such  that  SvS  =  S  and  n (vSv)  s  n(S)  -  1  =  m-1.   If 
v  is  neither  a  left  identity  nor  a  right  identity  we  know 
that  vS.vSv  i-   r\   and  Sv\vSv  /  "1  by  Proposition  4-3.   It  is 
evident  that  [vS\vSv]  D  [Sv\vSv]  =  n.   Hence  we  have 
n [vS  U  Sv]  =  n(vS\vSv)  +  n (Sv\vSv)  +  n (vSv) 
5  1  +  1  +  (m-1)  =  m  +  1. 
That  is  a  contradiction  since  vS  U  Sv  is  a  subset  of  S. 
Therefore 

n (vSv)  <  n(S)  -  1. 

4-5  Proposition.   Let  S  be  a  finite  semigroup  satisfying 

2 
S   =  S,  and  v  be  an  idempotent  of  S  such  that  SvS  =  S.   Then 

the  following  statements  hold. 

(1)  If  n(S)  =  1,2,  or  3,  then  v  is  either  a  left  or  a 
right  identity  for  S. 

(2)  If  n(S)  =  4,  then  v  is  a  midunit  for  S. 

Proof.   (1)   In  the  case  n(S)  =  1,  it  is  evident  that 
v  is  a  identity  for  S.   In  the  cases  n(S)  =  2  and  n(S)  =  3, 
we  prove  it  as  follows.   If  S  =  K,  then  there  are  only  three 
possible  multiplications  on  S;  the  group  multiplication, 
left  zero  multiplication,  or  right  zero  multiplication.   In 
case  of  left  zero  multiplication,  every  point  is  a  right 
identity,  in  particular,  v  is  a  right  identity.   Similarly 
in  the  case  of  right  zero  multiplication,  v  is  a  left  identity. 
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If  the  multiplication  is  the  group  multiplication,  then  v  is 
the  identity  for  S.   Suppose  S  '   K  and  v  is  neither  a  left 
identity  nor  a  right  identity  for  S,   According  to  Proposi- 
tion 4-4  we  have  n(vSv)  =  0  when  n(S)  =  2  and  n(vSv)  =  1  when 
n(S)  =  3.   But  n(vSv)  =  0  is  impossible,  since  vSv  is  always 
a  nonempty  set.   This  implies  that  v  is  either  a  left  or  a 
right  identity  for  S  when  n(S)  =  2.   For  the  case  n(S)  -   3 
we  obtain  a  contradiction  as  follows.   Since  vSv  fl  K  -±   n 
and  v  e  vSv ,  one  has  v  e  K,  which  implies  that  SvS  =  S  =  K. 
That  is  again  a  contradiction  since  we  assume  S  /   K.   Hence 
v  must  be  a  left  or  a  right  identity  for  S. 

(2)   The  proof  is  immediate  if  S  =  K,  so  we  assume  that 
S  -f   K.   Then  v  \   K,  since  otherwise  S  =  SvS  C  K,  which  is  a 
contradiction  to  the  assumption  S  ^   K.   If  v  is  a  right  or  a  left 
identity  for  S,  then  v  is  a  midunit.   Hence  we  may  assume 
that  v  is  neither  a  left  identity  nor  a  right  identity  for  S. 
Then  by  Proposition  4-3  we  have  vS\vSv  -±   Q  and  Sv\vSv  f   T,  i.e., 
n(vS\vSv)  s  l  and  n(Sv\vSv)  £  1.   It  is  claimed  that 
n(vSv)  =  2.   For  we  know  from  Proposition  4-4  that  n  (vSv)  <.   2 
and  if  n (vSv)  =  1,    then  it  implies  that  v  e  K.   It  is  easy 
to  see  that  vSv,  vS\vSv  and  Sv\vSv  are  mutually  disjoint 
sets.   Hence  we  have  the  following  inequality: 

4  =  n(S)  ;>  n  (vS  U  SV)  =  n  (vSv)  +  n  (vS\vSv)  +  n  (Sv\vSv)  ;>  4. 
It  follows  that  n(vS\vSv)  =  1  and  n(Sv\vSv)  =  1.   Since 
v  e  vSv,  vSv  n  K  ^   □,  and  n(vSv)  =  2 ,  we  may  write  vSv  =  [v.k] 
where  k  =  vkv  e  K.   Also  we  let  vS\vSv  =  [a]  and  SvXvSv  =  [b] . 
To  prove  v  is  a  midunit  for  S,  it  is  sufficient  to  prove  that 


24 

v  is  a  midunit  relative  to  [vS\vSv,  Sv\vSv]  by  Proposition 
4-2,  i.e. ,  to  prove  that  avb  =  ab. 

We  prove  first  that  either  av  =  k  or  vb  =  k.   Otherwise, 
one  has  that  av  =   v  and  vb  =  v ,  since  (av,vbl  C  vSv  and 
vSv  =  [v.k].   Then  we  have  b(av)  =  bv  -  b.   In  order  to  arrive 
at  a  contradiction  we  consider  the  element  ba .   There  are 
only  four  possibilities  that  is  ba  =  v,  ba  =  a ,  ba  =  b,  or 
ba  =  k.   In  the  case  ba  =  v,  we  have  b  =  bv  =  b(av)  =  (ba)v  =  v 

which  is  a  contradiction  since  b  1   v.   In  the  case  ba  =  k, 

2 
we  have  v  =  v   =  (vb) (av)  =  v(ba)v  =  vkv  =  k,  which  is  a 

contradiction  since  v  1   k.   Hence  we  may  assume  ba  =  a. 

Then  (ba)v  =  av  =  v  and  b(av)  =  bv  =  b,  which  implies  that 

b  =  v.   That  is  impossible  since  b  /   v.   Similarly  if  ba  =  b, 

then  v(ba)  =  vb  =  v  and  (vb) a  =  va  =  a,  which  is  again  a 

contradiction  since  a  ^  v.   Hence  it  is  true  that  either 

av  =  k  or  vb  =  k.   Therefore,  we  have  avb  =  ak  or  avb  =  kb. 

Then  avb  =  k  since  either  ak  =  v  or  kb  =  v  will  imply  that 

v  e  K,  and  hence  S  =  K. 

In  order  to  prove  ab  =  k,  let  us  assume  that  ab  =  v, 

since  ab  e  vSv  and  vSv  =  {v,k} .   It  follows  that  {a,b}  C  J, 

where  J  is  the  ^-class  of  the  ^-maximal  element  v  in  S .   Thus 

both  a  and  b  are  ^-maximal  elements  of  S.   By  Theorem  1-6, 

there  is  an  element  x  of  S  such  that  ax  =  a  and  an  element  y 

of  S  such  that  yb  =  b.   In  the  case  x  =  v,  then  av  =  a  implies 

that  a  g  vSv.   It  is  a  contradiction  since  a  £  vSv.   In  the 

case  x  =  b,  then  ab  =  a, contradicting  our  assumption  ab  =  v. 

Further,  if  x  =  k,  then  ak  =  a,  contradicting  the  assumption 
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that  v  =  ab ,  since  v  =  ab  =  akb  =  k.   Hence  the  only  possible 

2 
case  will  bo  x  =  a  which  implies  that  a   =  a.   This  implies 

that  ava  =  a,  where  av  £  vSv.   It  follows  that  av  =  v,  since 

vSv  =  [v.kl  and  if  av  =  k,  then  1;  =  av  =  a(ab)  =  a  b  =  ab  =  v. 

Similarly,  one  can  check  that  the  only  possibility  for  y  is 

2 

y  =  b  so  that  b   =  b  and  hence  vb  =  v.   But  by  the  preceding 

argument  we  know  it  is  impossible  that  av  =  v  and  vb  =  v. 
Therefore,  we  proved  that  ab  =  k.   The  proof  is  complete. 

4-6  Example.   We  give  two  examples  of  semigroups  of  four 

2 
elements  with  midunit  satisfying  S   =  S.   The  first  one  is 

an  example  of  a  semigroup  S  with  zero  and  a  proper  midunit 

v  satisfying  SvS  =  S.   Let  S  =  [v,a,b,0]  with  multiplication 

as  follows. 

Table  4-1 


• 

V 

a 

b 

0 

V 

V 

a 

0 

0 

a 

0 

0 

0 

0 

b 

b 

0 

0 

0 

0 

0 

0 

0 

0 

It  is  easy  to  see  that  vSv  =  (v,0),  vS  =  0,3,0], 
Sv  =  [v,b,0],  and  SvS  =  S.   It  is  evident  that  b  is  neither 
a  left  identity  nor  a  right  identity  for  S,  since  vS  and  Sv 
both  are  proper  subsets  of  S.   To  check  that  v  is  a  midunit 
for  S  it  is  sufficient  to  check  that  v  is  a  midunit  relative 
to  [vS\vSv,  Sv\vSv] .   We  see  that  vS\vSv  =  [a]  and 
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Sv\vSv  =  [b]  .   While  ab  =  0  =  avb  according  to  the  multipli- 
cation table.   Hence  v  is  a  proper  midunit  for  S. 

The  second  example  is  of  a  semigroup  satisfying  S  =  K 
in  which  every  point  is  a  proper  midunit.   We  construct  this 
example  as  follows.   Let  S,  =  (a ,b]  with  left  zero  multipli- 
cation and  S-  =  [c,d]  with  right  zero  multiplication,  and 
we  define  S  =  S,  x  S~  with  coordinatewise  multiplication. 
Then  it  is  not  difficult  to  check  that  S  =  K  and  each  point 
in  S  is  a  proper  midunit  for  S. 

We  end  this  chapter  with  an  example  of  a  semigroup  with 
five  elements  which  satisfies  the  condition  SvS  =  S  for  an 
idempotent  v  and  has  a  unique  maximal  ^-class  which  is  a 
completely  simple  subsemigroup,  but  S  does  not  have  a  mid- 
unit. 
4-7  Example.   Let  S  =  fv,a,b,c,0}  with  multiplication  as  in 

the  following  table. 

Table  4-2 


V 

a 

b 

c 

0 

V 

V 

a 

b 

a 

0 

ra 

a 

0 

0 

0 

0 

b 

a 

0 

0 

a 

0 

c 

c 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

Then  it  is  easy  to  see  fhat  S  is  a  semigroup,  v  is  an 
idempotent,  J  =  [v]  is  the  unique  maximal  ^-class  in  S  which 
is  a  completely  simple  subsemigroup.   Also  we  have  that 
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SvS  =  S,  for  vS  =  (v.a.b.Ol  and  Sv  =  (v,a,c,0" 
not  a  midunit  because  be  =  a  while  bvc  =  0. 


But  v  is 


CHAPTER  V 

THE  CODIMENSION  OF  THE  ^-CLASS  OF 
MIDUNITS  IN  A  CONTINUUM  SEMIGROUP 

This  chapter  is  devoted  to  proving  that  the  ^-class  J 

of  the  midunits  in  a  continuum  semigroup  of  codimension  one 

2 
with  midunit  satisfying  S   =  S  ?   K  is  totally  disconnected. 

Recall  that  a  compact  space  X  has  codimension  (abbreviated 

"cd")  less  than  or  equal  to  a  nonnegative  integer  n  if 

n     i  *   n 
H  (X)  -   H  (A)  is  epimorphism  for  each  closed  subset  A  of  X , 

where  i  is  the  inclusion  map  i:  A  -•  X.   This  is  equivalent 

to  the  statement  that  H  (B)   k*    H  (A)  is  epimorphism  for 

each  pair  of  closed  subsets  A  and  B  of  X  with  A  C  B,  where 

k  is  the  inclusion  map  k:  A  -*  B.   We  define  cdQ  =  -1,  and 

cd(X)  =  inf{n|cd(X)  ^  n]  for  a  nonempty  compact  space  X  [3],  Recall 

that  a  floor  for  a  nonzero  element  h  e  H  (X)  is  a  closed 

subset  F  of  X  such  that  h|F  ^  0  while  h|F'  =  0  for  any  closed 

proper  subset  f'  of  F.   If  X  is  compact  Hausdorff  and 

0  ^   h  eff(X),  then  h  has  a  floor.   Moreover,  any  floor  is 

connected  [13].   We  proceed  with  a  theorem  due  to  Wallace  [20]. 

5-1  Theorem.   Let  S  be  a  continuum  semigroup  with  cd(S)  <   n 

and  A  be  a  closed  subset  of  S  which  is  a  floor  for  some 

0  ^  h  e  Hn(A)  .   It  t  A  =  A  (At.,  =  A)  for  some  t  e   S,    then 

tA  =  A  (At  =  A)  for  each  t  e  S. 
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The  following  lemma  is  a  result  concerning  Jl-classes  in 

compact  semigroups. 

5-2  Lemma.   Let  S  be  a  compact  semigroup  and  b  be  a  point  of 

S.   If  H,  is  not  a  singleton  set,  then  there  exists  an 

idempotent  e  such  that  IL  =  eH,  . 

b      b 

Proof.   If  d  is  an  element  in  H,  which  is  different  from 
b 

b.  then  we  have  b  =  xd  and  d  =  yb  for  some  x  and  y  in  S . 
This  implies  that  b  =  xyb;  thus  b  =  eb  for  some  idempotent  e, 
from  the  Swelling  Lemma  1-5.   If  z  is  an  element  of  H,  other 
than  b,  then  there  is  a  point  u  in  S  such  that  z  =  bu ,  then 

ez  =  ebu  =  bu  =  z ,  i.e.  ,  EL  =  eH,  . 

'      '   b      b 

It  is  well  known  that  if  S  is  a  compact  semigroup  then 
each  W-class  is  homeomorphic  to  a  topological  group  [6;  p. 35]. 
Also  if  X  is  a  compact  topological  group  with  codimension  n 
and  Z  is  the  additive  group  of  integers  then  H  (X;Z)  ^    0 
[6;p.54].   Consequently  we  have  that  if  S  is  a  compact  semi- 
group and  H   is  an  U-class  of  a  in  S  with  cd(H  )  =  n.  then 
a  a 

Hn(Ha;Z)  jt    0. 

5-3  Theorem. If  S  is  a  continuum  semigroup  with  finite  co- 
dimension  n,  then  cd (H  )  <  cd(S)  for  all  a  in  S  such  that 

H  4   K. 

a  T 

Proof.   We  prove  first  that  cd (H  )  <  cd(S)  for  each 
a  e  S\K.   Suppose  on  the  contrary  that  there  exists  an  element 
a  e  S\K  such  that  cd (H  )  =  n.   If  H   is  a  singleton  set,  then 
cd(H  )  =  0,  which  implies  that  cd(S)  =  0;  i.e.,  S  is  a  totally 
disconnected  space.   But  this  is  impossible  since  S  is  a  con- 
tinuum with  more  than  one  element.   Lemma  5-2  guarantees  the 

existence  of  an  idempotent  e  in  S  such  that  H  =  eH  .   Let 

a      a 
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h  be  a  nonzero  element  of  Hn (H  ;Z)  and  let  A  be  a  floor  for  h. 

cl 

Since  A  C  H   we  have  A  =  eA.   Therefore  tA  =  A  for  each  t  e  S 

a 

by  Theorem  5-1.   Since  a  e  S \K ,  we  have  that  H   n  K  =  n, 

cl 

which  implies  that  A  n  K  =  Q.   If  we  let  t   be  a  point  of  K. 
then  we  have  A  =  t  A  C  K,  since  K  is  an  ideal  in  S .   It  is 
a  contradiction  since  we  know  that  A  D  K  =  □. 

We  next  prove  that  cd (H  )  <  cd(S)  for  each  a  e  K  with 

cl 

H   ^  K.   Suppose  on  the  contrary  that  cd(H  )  =  n  for  some 
a  a 

a  e  K  with  H   /  K.   Then  K  consists  of  at  least  two  JJ-classes. 

cl 

We  know  that  the  Jt-class  in  K  are  mutually  homeomorphic  groups, 

so  that  we  have  cd (H  )  =  n  for  each  u  e  K  n  E.   In  order  to 

obtain  a  contradiction,  we  let  e  and  f  be  distinct  idempotents 

in  K.   This  is  possible  since  K  contains  at  least  two 

M-classes.   As  before,  we  let  h  be  a  nonzero  element  of 

H  (H  ;Z)  and  let  A  be  a  floor  for  h.   Since  A  C  H   is  a 
e  e 

group  with  identity  e,  it  follows  that  A  =  eA.   By  Theorem 

5-1  we  know  that  tA  =  A  for  each  t  g  S.   This  implies  that 

e  e  A  since  A  is  a  subset  of  the  group  H  while  S  contains 

all  possible  inverses  in  H  of  A.  Therefore  fe  e  H  .  since 

e  e ' 

tA  =  A  for  each  t  e  S.   Similarly  we  could  prove  that  fe  e  H_. 

But  this  is  a  contradiction  since  H   and  H,.  are  mutually 

e       f  J 

disjoint.   Hence  the  proof  is  complete. 

5-4  Proposition.   Let  X  and  Y  be  two  compact  Hausdorff  spaces. 

If  cd(X)  is  finite  and  Y  is  totally  disconnected,  then 

cd(X  X  Y)  =  cd(X) . 

Proof.   Suppose  cd(X  x  Y)  =  n  and  let  A  be  a  closed 
subset  of  X  x  Y  such  that  the  homomorphism  induced  by  the 


n-1 


inclusion  map  from  A  into  X  x  Y,  i.e.,  i*:  H    (XxY) 


ii 


3] 


n-1 


(A) 


is  not  epimorphic.   Hence  there  exists  a  nonzero  element 
h  g  Hn_1(A)  which  is  not  extendible  to  X  x  Y.   According 
to  Theorem  1-3,  we  let  R  be  a  roof  for  h  and  consider 
h   =  h|R  HA  ^    0.   Then  R  is  also  a  roof  for  hQ  and  R  is 
connected.   Let  rr,  and  n-  be  the  two  projection  maps  from 
X  x  Y  to  X  and  Y,  respectively,  i.e.,  n1((x,y))  =  x  and 
TT9((x,y))  =  y.   Let  j  be  the  inclusion  map  from  R  into 
XxY,  and  let  n  be  defined  by  r\   =   17,0 j  :  R  -  X.   We  want  to 
prove  that  n  is  injective.   Suppose  not,  and  let  (a,b)  and 
(a,c)  be  two  points  in  R  such  that  b  ^  c.   Then  tt2  (R)  is  a 
nondegenerate  connected  set  in  Y,  since  R  is  connected,  rr2 
is  a  map  and  rr2((a,b))  4   TT2((a,c)).   This  contradicts  the 
assumption  that  Y  is  totally  disconnected.   Then  r\   is  an 
injective  map.   Consider  the  following  diagram: 


^     n[R] 


^|rha 
r  n  a >    n[R  n  a] 


where  k    is    the   inclusion  map    from  R   D  A    into   R,    and    I   is    the 
inclusion  map    from   r\  [R   0  A]    into   r\  [R]  .      Also    n   and   n  |  R   fl  A 
are  homeomorphisms  since   r\   is  an  injective  map. 


Then  the  following  diagram  is  commutative,  i.e. 
ri*ok*  =  (r||R  n  A)  *  o  t*. 
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H^R] 


k* 


Hn  1(ROA) 


Hn  1(r1[R]) 


(nlRHA)*   Hn-l(Tl[RnA]) 


We  know  that  both  n*  and  (r)  |  RflA)  *  are  isomorphisms,  and 
k*  is  not  an  epimorphism,   so  i*    is  not  an  epimorphism. 
This  implies  that  cd (X)  >  n-1.   But  we  know  that 
cd(X)<;cd(X  x  Y)  =  n,  therefore  cd(X)  =  cd  (X  x  Y)  .   Hence  the 
proof  is  complete. 

5-5  Corollary.   Let  S  be  a  compact  semigroup  with  midunit  of 

2 

finite  codimension  satisfying  S   =  S  f   K.   Let  J  be  the 

2-class  of  the  midunits ,  M  be  the  set  of  all  midunits  and  H 
<f  >  v 

be  the  M-class  of  midunit  v.   If  H   is  totally  disconnected 

v  x 

for  some  midunit,  then  cdj  =  cdM. 

Proof.   It  is  not  difficult  to  prove  from  Theorem  3-9 
that  J  is  homeomorphic  to  the  space  M  x  H  .   The  conclusion 
follows  from  Proposition  5-4. 

It  has  been  proved  by  Cohen  and  Koch  [4]  that  if  A  is  a 
closed  subset  of  a  compact  Hausdorff  space  X  with  cd  (X)  <.   n, 
then  cd(X/A)  <.   n  [4].   Also  they  proved  in  the  same  paper 
that  if  S  is  a  continuum  semigroup  satisfying  S  =  ESE  with 
zero  then  H1 (S)  =0. 

5-6  Theorem.   Let  S  be  a  continuum  semigroup  of  codimension  one 

2 

with  midunit   satisfying   S      =  S    ^  K.       Then    the   ^-class   J  of 

midunits    is    totally   disconnected. 


Proof.   As  before  we  let  M  be  the  set  of  all  midunits 
and  H   be  the  H-class  of  the  midunit  v.   From  Theorem  5-3 
we  know  that  H   is  totally  disconnected  for  each  midunit  v. 
In  order  to  prove  that  J  is  totally  disconnected  it  suffices 
by  Corollary    5-5  to  prove  that  M  is  totally  disconnected. 
In  case  K  is  not  a  singleton  set  we  may  consider  S  =  S/K, 
the  Rees  quotient  of  K.   Then  S  is  a  continuum  semigroup  with 
zero  and  cd(S)  i  1.   If  we  let  i|i  :  S  -  S/K  be  the  natural 
homomorphism,  then  i|/ (v)  is  a  midunit  for  S  and  iji  ( J)  ,  the 
^-class  of  i|r  (v)  in  S,  is  homeomorphic  to  J.   Hence  without 
loss  of  generality  we  may  assume  K  =  {0}.   Consider  T  =  MSM, 
then  T  is  a  nondegenerated  subcontinuum  subsemigroup  with 
zero  and  E(T)TE(T)  =  T  since  M  c  E(T).   Also  we  know  that 
cd(MSM)  <;  1  and  H1  (MSM)  =  0. 

Let  C  be  a  component  in  M  with  more  than  one  point  and 
u  and  v  be  two  different  points  in  C.   Then  vSv  U  uSu  is  a 
closed  subset  in  MSM  and  C  D  [vSv  U  uSv]  =  {v,u} .   It  follows 
from  the  Mayer-Vietoris  Sequence  Theorem  1-1  that  the  follow- 
ing sequence  is  exact, 

H°(C)  x  H°(vSv  U  uSu)  1*~:L  *  y     H°({u,v])   A  p   H1(c  U[vSvUuSu]). 
If  G  is  the  nontrivial  coefficient  group  for  the  cohomology, 
then  H°({u,vj)  =  G   while  H°(c)  =0  and  H°(c  U  [vSv  U  uSu]  )  =  0, 
since  both  c  and  CU [vSv  U  uSu]  are  connected.   Therefore  A 
is  a  monomorphism,  which  implies  that  H  (C  U  [vSv  U  uSu] )  ^  0. 
This  is  a  contradiction  since  H  (MSM)  =  0,  cd(MSM)  £  1  and 
C  U  [vSv  U  uSu]  is  a  closed  subset  of  MSM.   Hence  the  proof 
is  complete. 


CHAPTER  VI 

THE  COMPLEMENT  OF  THE  ,?- CLASS  OF  MIDUNITS  AND 
MINIMAL  CONTINUUM  SEMIGROUPS  WITH  MIDUNIT 

The  first  part  of  this  chapter  is  devoted  to  a  study  of 

the  structure  of  the  complement  of  J  in  S,  where  S  is  a  con- 

2 
tinuum  semigroup  with  midunit  satisfying  S   =  S  ■£   K  and  J  is 

the  ^-class  of  the  midunits  of  S.   We  prove  that  the  comple- 
ment of  J  is  a  dense  connected  maximal  ideal  in  S  and  no  sub- 
set of  J  cuts  S.   If,  furthermore,  S  is  locally  connected  and 
U  is  an  open  set  containing  J,  then  there  exists  an  open  set 
V  in  U  containing  J  such  that  S\V  is  a  connected  ideal.   The 

second  part  of  this  chapter  investigates  the  structure  of 

2 
minimal  continuum  semigroups  with  midunit  satisfying  S   =  S  f   K 

(see  Definition  6-5)  and  their  relation  to  irreducible  clans. 
We  proceed  with  a  proposition  that  is  due  to  Koch  and  Wallace 

[8] .   Since  our  proof  is  slightly  different  from  theirs  we 
present  it  here. 

6-1  Proposition.   Let  S  be  a  continuum  semigroup  satisfying 

2 
S   =  S  f   K  with  midunit  and  J  be  the  ^-class  of  the  midunits. 

Then  S\J  is  a  dense  connected  maximal  ideal  of  S. 

Proof.   From  Proposition  3-6  and  Theorem  3-9  it  follows 

that  S\J  is  a  maximal  ideal  in  S.   Since  the  closure  of  ideal 

is  again  an  ideal  hence  [S\J] *  is  an  ideal.   From  the  maximality 
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of  S\J  it  follows  that  either  [S'J]*  =  S  or  [S\J]*  =  S  J. 
If  S\J  =  [S\J]*,  then  J  is  a  proper  nonempty  closed  and  open 
set  of  S  which  is  impossible  because  S  is  connected.   Hence 

[S'J]*  =  S,  S \ J  is  dense  in  S .   It  remains  to  show  that 

2 
S\J  is  connected.   Since  S   =  S,  for  each  z  e  S\J  there  exists 

a  pair  of  elements  a   and  b   of  S  such  that  z  =  a  b  .   From 

z       z  z  z 

Proposition  3-6  we  know  that  for  each  z  e  S\J,  a  Sb   is  dis- 

z   z 

joint  from  J  and  z  g  a  Sb    since  S  contains  a  midunit. 

z   z 

Then  S\J  =  U(azSbz|z  a    S\J]  is  a  union  of  connected  sets, 
so  since  each  a  Sb   meets  K,  we  have  that  S\J  is  a  connected 
set.   The  proof  is  complete. 

Let  A  and  B  be  two  subsets  of  a  space  X.   It  is  known 
in  general  topology  that  if  A  is  connected  and  AC  B  C  A*, 
then  B  is  connected.   Then  the  following  proposition  can 
be  proved  easily. 

6-2  Proposition.   Let  S  be  a  continuum  semigroup  with  midunit 

2 
satisfying  S   =  S  f   K  and  J  be  the  p-class  of  the  midunits. 

Then  no  subset  of  J  cuts  S. 

Proof.   Let  N  be  a  subset  of  J,  then  S\J  C  S\N  C  S. 

From  Proposition  6-1  we  know  that  S\J  is  connected  and 

[S\J]*  =  S.   Therefore  S\N  is  connected. 

6-3  Proposition.   Let  S  be  a  continuum  semigroup  with  mid- 

2 
unit  satisfying  S   =  S  ^   K  and  J  be  the  ^-class  of  the  mid- 
units.   If  S  is  locally  connected  and  U  is  an  open  set  contain- 
ing J,  then  there  exists  an  open  set  V  containing  J  with 
V  C  u  such  that  S\V  is  a  connected  ideal  of  S. 

Proof.   Let  A  =  S\U  and  for  each  a  e  A  let  N(a)  be  a 


36 

closed  connected  neighborhood  which  is  small  enough  that  it 

is  disjoint  from  J.   Since  A  is  compact,  we  let  N  (a  ) , 

N(a„) .... ,N(a  )  be  a  finite  cover  of  A.   For  each  a .  let 
2  m  j 

b.  and  c  .  be  a  pair  of  elements  of  S  such  that  a.  =  b.c.. 
3  3  D     3  D 

Then  b.Sc.  is  a  subcontinuum  which  contains  a.  and  meets  K 
3       3  3 

for  each  j  =  l,2,...,m.   Let 

m  m 

B  =  [  . U  N(a  )]  U  [  .U  b.Sc. ]  U  K. 

1-1      !  1=1  !    1 

Then  B  is  a  subcontinuum  which  contains  A  and  is  disjoint 
from  J.  From  Proposition  3-6  we  know  that  D  =  BUESUSBUSBS  is  a 
subcontinuum  ideal  of  S  and  is  disjoint  from  J.   Now  we 
simply  let  V  =  S\D.   It  is  then  easy  to  see  that  J  C  v  C  u 
and  S\V  =  D.   This  completes  the  proof. 

6-4  Definition.   Let  S  be  a  continuum  semigroup  with  midunit 

2 
satisfying  S   =  S  f   K  and  M  be  the  set  of  all  midunits  of  S. 

Then  S  is  called  minimal  if  it  does  not  contain  a  proper 

subcontinuum  subsemigroup  T  with  M  C  t  and  T  D  K  4   Q. 

6-5  Theorem.   Let  S  be  a  continuum  semigroup  with  midunit 

2 
satisfying  S   =  S  f   K  and  M  be  the  set  of  all  midunits.   Then 

S  contains  a  continuum  subsemigroup  T  such  that  M  C  T, 

T  fl  K  i   □  and  T  is  minimal. 

Proof.   This  follows  immediately  through  an  application 
of  Zo  rn ' s  Lemma . 

Recall  that  a  clan  S  with  identity  v  is  called  irreducible 
if  it  does  not  contain  a  proper  subcontinuum  semigroup  T  con- 
taining v  and  satisfying  T  fl  K  /  G.   In  an  irreducible  clan 
with  identity  v,  one  has  H   =  [v]  [6;  p.  156]. 
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6-6  Theorem.   Let  S  be  a  continuum  semigroup  satisfying 

2 
S   =  S  with  zero  and  midunit,  M  be  the  set  of  all  midumts, 

J  be  the  o'-class  of  midunits  and  T  be  minimal  continuum 

subsemigroup  such  that  M  <  T.  and  0  e  T.   Then  the  following 

statements  hold. 

(1)  MTM  =  T. 

(2)  vTv  is  irreducible  for  each  v  e  M. 

(3)  T  n  J  =  M. 

(4)  Consider  the  cartesian  product  Mv  x  vTv  x  vM  with 
coordinatewise  multiplication,  and  define 

\|f:  Mv  x  vTv  x  vM  -*  T  by  t|/((u,x,w))  =  uxw.   Then  ty 

is  a   surjective  homomorphism. 
Proof.   (1)   MTM  C  T  follows  from  the  facts  that  M  C  T 
and  T  is  a  subsemigroup.   On  the  other  hand,  since  MTM  is  a 
continuum  subsemigroup  such  that  M  C  MTM  and  MTM  contains  0, 
we  have  by  the  minimal  condition  of  T  that  T  C  MTM.   Hence 
T  =  MTM. 

(2)  Suppose  not,  i.e.,  there  exists  a  point  v  e  M  such 
that  vTv  is  not  irreducible.   Hence  there  exists  a  subclan 

of  vTv,  say  T        such  that  T„  is  a  proper  subset  of  vTv,  v  e  Tn 

and  0  e  T~ .   Then  MTnM  is  a  continuum  subsemigroup  of  S  such 

2 

that  M  C  MTQM,  since  v  e  T„  and  MvM  =  M   =  M,  and  0  e  MT„M. 

Since  T  is  minimal  we  have  MTnM  =  T,  which  implies  that 
vMT0Mv  =  vTv.   Since  vMTnMv  =  vT„v,  we  have  that  vT„v  =  T-.  = 
vTv,  which  contradicts  the  assumption  that  T~  is  a  proper 
subset  of  vTv.   This  completes  the  proof. 

(3)  It  is  sufficient  to  prove  that  T  (1  J  C  M.   Since 
by  (2)  vTv  is  irreducible  for  each  v  e  M,  we  know  that 
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vTv  fl  H   =  fv]  ,  where  H   is  the  maximal  qroup  containing  v. 
v  v 

If  z  e  T  H  J  then  z  =  vzv  for  some  v  e  M,  since  by  Theorem  3-9 
we  know  that  J  is  the  union  of  all  maximal  qroup  H   with 
w  e  M.   This  implies  that  z  e  H   (1  vTv.   Then  z  =  v  and  the 
proof  is  complete. 

(4)   Since  MTM  =  T,  each  z  g  T  can  be  written  as 
z  =  uzw  for  some  midunits  u  and  w.   On  the  other  hand  since 
i|r((uv,  vzv,  uw)  )  =  uvvzvvw  =  uzw  =  z,  then  \|r  is  surjective. 

Also  since  i|i[(u,x,w)  (u,x,w)]  =  t|r  [  (uu,xx,ww)  ]  =  uxxw 
and  »jj  (  (u,x,w)  )  \Jj  (  (u,x,w)  )  =  (uxw)  (uxw)  =  uxxw  for  any  pair 
of  elements  (u,x,w)  and  (u,x,w)  of  Mv  x  vTv  x  vM,  we  have  that 
i|r  is  a  surjective  homomorphism. 


CHAPTER  VII 

A  METHOD  OF  CONSTRUCTING  SEMIGROUPS  WITH  MIDUNIT 

McCharen  has  pointed  out  a  method  of  constructing  new 
semigroups  with  midunit  from  given  known  semigroups  [11] .   It 
is  our  purpose  in  this  chapter  to  introduce  this  method  and 
discuss  some  basic  properties  of  it.   In  particular,  we 
investigate  those  algebraically  defined  sets  which  are  invariant 
under  this  construction.   The  importance  of  this  method  to 
this  work  is  that  it  could  transfer  problems  in  general  semi- 
groups into  problems  of  semigroups  with  midunit  and  vice- 
versa.   We  prove  in  this  way  that  if  S  is  a  compact  semigroup, 
v  is  a  ^-maximal  idempotent,  J  is  the  ^-class  of  v.  and 
vjv  C  j,  then  J  is  homeomorphic  to  a  cartesian  product  of  a 
rectangular  band  with  H  ,  the  maximal  subgroup  which  contains 
v.   Furthermore,  if  cd(S)  =  1  and  S  ±  K,    then  J  is  totally 
disconnected. 

7-1  Proposition.   Let  S  be  a  semigroup  and  v  be  an  idempotent 
in  S .   We  define  a  multiplication  "*"  on  S  by 

a*b  =  avb,  for  all  a  and  b  of  S. 
Then  the  following  statements  are  true. 

(1)  (S;*)  is  a  semigroup  under  the  multiplication  "*" , 
and  v  is  an  idempotent  midunit  in  (S;*). 

(2)  S*S  =  S  iff  SvS  =  S. 
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Proof.   (1)   It  is  routine  to  check  the  associativity 
of  the  multiplication  "*  .  because  S  is  a  given  semigroup. 
To  prove  v  is  a  midunit,  wo  let  x  and  y  be  a  pair  of  elements 
of  (S;*)  .   Then 

x*v*y  =  (x*v) *y  =  (xvv)*y  =  (xv) *y  =(xvv)y  =  xvy  =  x*y, 
which  implies  that  v  is  a  midunit  of  (S;*).   Also  v*v  =  vvv  =  v, 
i.e.,  v  is  an  idempotent  in  (S;*). 

(2)   The  proof  of  this  part  is  trivial. 

It  is  not  difficult  to  prove  that  if  N  is  a  right  (left, 
two-side)  ideal  of  S,  then  N  is  a  right  (left,  two-sided) 
ideal  of  (S;*)  . 
7-2  Proposition.   The  following  two  statements  are  equivalent: 

(1)  N  is  a  minimal  right  (left,  two-sided)  ideal  in  S. 

(2)  N  is  a  minimal  right  (left,  two-sided)  ideal  in  (S;*). 
Proof.   We  only  prove  the  case  when  N  is  a  minimal  right 

ideal.   The  other  cases  can  be  proved  analogously. 

(1)  =>  (2)   It  is  not  difficult  to  prove  that  N  is  a  right 
ideal  in  (S;*).   In  order  to  prove  that  N  is  a  minimal  right 
ideal  in  (S;*),  we  let  P  be  a  right  ideal  in  (S;*)  such  that 

P  C  n.   Then  we  have  that  PvS  =  P*S  C  P  C  N.   Since  PvS  is  a 
right  ideal  of  S  contained  in  the  minimal  right  ideal  N,  we 
have  that  PvS  =  P  =  N.   This  shows  that  N  is  a  minimal  right 
ideal  of  (S;*) . 

(2)  =s  (1)   Since  N  is  a  right  ideal  of  (S;*),  we  have 
that  NvS  =  N*S  C  N.   Also  it  is  easy  to  see  that  NvS  is  a 
right  ideal  of  (S;*)  which  is  contained  in  the  minimal  right 
ideal  N  of  (S;*).   Therefore  N  =  NvS,  so  that  N  is  a  right 
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ideal  of  S.   In  order  to  prove  that  N  is  a  minimal  right 
ideal  in  S,  we  let  P  be  a  right  ideal  in  S  such  that  P  C  N. 
Then  PS  C   p  C  N.   On  the  other  hand,  PS  is  a  right  ideal  of 
(S;*) .  so  that  by  the  minimality  of  N  we  have  PS  =  P  =  N, 
which  proves  that  N  is  a  minimal  right  ideal  of  S. 

As  usual,  for  an  element  z  in  S,  we  let  L(z),(R(z),J(z)) 
be  the  smallest  left  (right,  two-sided)  ideal  of  S  which 
contains  z,  and  L(z),(R(z),  J(z))  be  the  smallest  left  (right, 
two-sided)  ideal  of  (S;*)  which  contains  z.   Also  we  let  H 
be  the  maximal  group  in  S  which  contains  v,  and  let  H   be  the 
maximal  group  in  (S;*)  which  contains  v. 

7-3  Proposition.   If  z  is  an  element  of  S ,  then  the  following 
statements  hold. 

(1)  L(z)  C  l(z)  ,  R(z)  C  R(z)  ,  and  j(z)  C  J(z) 

(2)  L(vz)  =  L(vz),  R(zv)  =  R(zv),  and  J(vzv)  =  J(vzv) 

(3)  j(v)  =  J(v)  ,  and  H   =  H 

Proof.   (1)  Since  L(z)  =  z  u  S*z  =  z  U  Svz  C  L(z)  ,  we 
have  that  L(z)  C  L(z).   We  can  prove  that  R(z)  C  R(z)  and 
J(z)  C  J(z)  . 

(2)  Since  L(vz)  =  vz  U  S*(vz)  =  vz  U  Svvz  =  vz  (J  •  Svz  =  L(z) 
we  have  that  L(vz)  =  L(z).   We  can  prove  analogously  that 

R(zv)  =  R(zv)  and  J(vzv)  =  j(vzv). 

(3)  It  follows  from  (2)  that  J(v)  =  J(v),  L(v)  =  L(v) 
and  R(v)  =  R(v) ,  which  implies  that  H   =  H  . 

7-4  Proposition.   Let  S  be  a  semigroup  and  v  be  an  idempotent 
of  S  such  that  SvS  =  S.   Let  "*"  be  the  multiplication  defined 
on  S  by  a*b  =  avb  for  all  a  and  b  of  S.   If  we  let  J  be  the 
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^-class  of  v  in  S  and  J  be  the  p-class  of  v  in  (S;*)  and  if 
vjv  C  j,  then  J  =  J. 

Proof.   In  order  to  prove  that  J  C  J ,  we  let  z  e  J.   Thus 
we  have  v  e  z  U  z*S  U  S*z  U  S*z*S,  which  implies  that 
S*v*S  C"  S*z*S.   But  S*v*S  =  SvS  =  S  by  assumption,  which 
implies  that  S*z*S  =  S,i.e.,  SvzvS  =  S.   Therefore  z  e  J 
since  SvzvS  C  SzS.   In  order  to  prove  that  J  C  J,  we  let  z  e  J. 
Since  vJv  C  J ,  we  have  that  vzv  e  J;  that  is,  SvzvS  =  S.   On 
the  other  hand,  S*z*S  =  SvzvS  =  S,  which  implies  that  z  e  J. 
Therefore  the  proof  is  complete. 

7-5  Theorem.   Let  S  be  a  compact  semigroup  with  minimal  ideal 
K.   Let  v  be  a  ^-maximal  idempotent  of  S  such  that  its 
p-class  J  satisfies  vjv  C  J  and  let  "*"  be  the  multiplication 
defined  on  S  by  a*b  =  avb  for  all  a  and  b  of  S.   Then  the 
following  statements  hold. 

(1)  J  is  homeomorphic  to  a  cartesian  product  of  a 
rectangular  band  and  H  ,    the  maximal  group  which 
contains  v.   More  precisely,  (J;*)  is  the  cartesian 
product  of  a  rectangular  band  and  H  with  coordi- 
natewise  multiplication. 

(2)  If  cd(S)  =  1  and  S  4   K,  then  J  is  totally  disconnected. 
Proof.   Let  T  be  defined  by  T  =  SvS,  then  T  is  a  compact 

semigroup  satisfying  TvT  =  T  and  contains  v  as  a  ^-maximal 
idempotent  in  T.   Let  J  be  the  ^-class  of  v  in  T.   It  is 
claimed  that  J  =  J.   In  order  to  prove  that  J  C  J,  let  t  be 
an  element  of  J.   Then  we  have  J(t)  =  j(v)  =  TvT  =  T  =  SvS. 
It  follows  that  J(v)  =  SvS  C  J(t),  since  J(t)  C  J(t).   By  the 
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maximality  of  v  in  S  we  obtain  J(t)  =  J(v) ;  i.e. ,  t  e  J- 
Therefore  J  C  J.   in  order  to  prove  that  J  C  j,  let  z  be  an 
element  of  J.   By  the  assumption  vjv  C  J,  it  follows  that 
vzv  e  J.   This  implies  that  J  (vzv)  =  J(v)  =  SvS .   Also  it 
can  easily  be  proved  that  J (vzv)  =  J(vzv)  and  J (vzv)  C  J(z). 
Therefore,  we  have  that  T  =  SvS  =  J (vzv)  =  J (vzv)  C  j(z)  C  J 
and  hence  that  J(z)  =  T  or  z  e    J.   Hence  we  have  proved  that 
J  =  J.   If  we  let  H  be  the  maximal  subgroup  in  T  which 
contains  v,  then  it  is  evident  that  H   =  H  . 

If  J  is  the  ^-class  of  v  in  (T;*),  then  by  Theorem  3-9, 
(J;*)  is  isomorphic  to  a  cartesian  product  of  a  rectangular 
band  and  H  with  coordinatewise  multiplication.   By  Proposi- 
tion 7-4  we  have  J  =  J,  since  vjv  C  J  follows  directly  from 
the  fact  that  J  =  J  and  the  assumption  vJv  C  j.   Consequently, 
we  have  proved  part  (1) . 

Since  cd(S)  =  1  and  S  4   K  imply  that  cd(T)  £  1  and 
T  4   K(T),  the  conclusion  of  part  (2)  follows  easily  from 
Proposition  7-2  and  Theorem  5-6. 


CHAPTER  VIII 

SEMIGROUPS  ON  D-S PACES 

In  this  chapter  we  are  seeking  sufficient  conditions  on  a 
semigroup  S  under  which  S  must  have  either  a  left  or  a  right 

identity  and  consequently  S  does  not  admit  a  proper  midunit.   We 

2 
show  that  the  algebraic  condition  S   =  S  4   K  and  the  topologi- 
cal condition  that  S  be  D-space  (to  be  defined  in  Definition 
8-6)  are  one  such  set  of  conditions.   Recall  that  a  midunit 
v  of  a  semigroup  S  is  proper  if  it  is  neither  a  left  identity 
nor  a  right  identity  of  S.   In  Example  2-1  we  defined  two 
multiplications  on  a  closed  unit  interval,  in  which  a  midunit 
exists  without  being  a  left  identity,  right  identity,  or  even 
an  idempotent.   It  seems  difficult  to  study  the  notion  of 
midunit  without  some  algebraic  restriction.   One  algebraic 

condition,  which  neither  of  the  two  multiplications  given 

2 

in  Example  2-1  satisfies,  is  S   =  S  ^   K.   It  is  not  difficult 

to  prove  the  following  proposition. 

8-1  Proposition.   Let  S  be  topologically  the  closed  unit 

2 

interval  [0,1]  and  satisfy  S   =  S  ^  K.   Then  there  exists  a 

point  v  of  S  which  is  either  a  left  or  a  right  identity  of 
S  and  is  located  at  one  endpoint  of  [0.1] . 

This  example  motivated  us  to  seek  a  more  general  topologi- 

2 
cal  condition  under  which  a  semigroup  S  satisfying  S   =  S  f   K 

must  have  either  a  left  or  right  identity. 
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8-2  Definition.   Let  X  be  a  continuum.   A  point  p  of  X  is  a 
D-point  iff  for  any  two  subcontinuua  C,  and  C~  with  p  g  C,flC9, 
either      C,  C  Q      or  C„  C  C. . 

Let  X  be  a  continuum  with  D-point  p.   For  each  point  a  of 
X,  let  3  be  the  collection  of  all  subcontinuua  of  X  which 

a 

contains  both  a  and  p.   Then  3   is  a  non-empty  collection 
of  compact  connected  subsets  of  X  and  3   is  totally  ordered 
by  inclusion.   If  L[a]  =  H3  ,  then  L[a]  is  the  minimal  sub- 
continuum  containing  a  and  p.   It  is  easy  to  see  that 
L[p]  =  [p] ,  since  {p}  is  itself  a  subcontinuum  which  contains 
p.   We  define  a  relation  ^  on  X  as  a  <,   b  iff  L[a]  C  L  [b]  . 
Since  L[a]  and  L[b]  are  always  comparable  under  inclusion  for 
any  pair  of  elements  a  and  b  of  X,  <.   is  a  total  quasi- order  on 
X.   By  the  definition  of  <.   and  construction  of  L[a]  we  have 
L[a]  =  {b|b  <.   a},  and  call  L[a]  the  lower  set  of  a  in  X.   The 
sets  U[a]  =  [b|a  <;  b]  and  Lg  =  L[a]  (1  U[a]  are  called  the 
upper  set  and  level  set  of  a  respectively.   For  convenience, 
we  write  a  «  b  iff  a  <.   b  and  b  <,   a,  and  a  <  b  iff  a  £  b  and 
b  ^  a.   Recall  that  a  quasi-order  <.   on  a  set  X  is  called 
order  dense  if  and  only  if  for  any  pair  of  elements  a  and  b  of 
X  satisfying  a  <  b,  there  exists  a  point  c  of  X  such  that 
a  <  c  <  b. 

8-3  Lemma.   Let  X  be  a  continuum  with  a  D-point  p.   If  U[a] 
is  closed  for  each  point  a  of  X,  then  <.   is  order  dense. 

Proof.   Suppose  not;  i.e.,  suppose  there  exists  a  pair  of 
elements  a  and  b  in  X,  with  a  <  b  and  no  point  c  in  X  satisfies 
a  <  c  <  b.   Since  i  is  a  total  quasi-order  on  X  we  have 
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L[a]  U  U[b]  =  X  and  L[a]  (1  U[b]  =  n.   Then  X  is  a  union  of 
a  pair  of  disjoint  nonempty  closed  subsets  L[a]  and  U[b] , 
which  contradicts  the  assumption  that  X  is  connected.   Hence 
the  proof  is  complete. 

8-4  Proposition.   Let  X  be  a  continuum  with  a  D-point  p  and  ^ 
be  the  induced  quasi-order.   Then  the  following  two  statements 
are  equivalent. 

(1)  "<"  is  a  closed  relation  on  X,  and 

(2)  Ufa]  is  closed  for  each  point  a  of  X. 

Proof.   (2)  =»  (1)   Let  b  and  c  be  a  pair  of  elements  of 
X  such  that  (b,c)  £  <..       Since  i  is  a  total  quasi-order  on  X 
we  have  c  <  b.   By  Lemma  8-3  there  is  a  point  d  in  X  satisfying 
c  <  d  <  b.   If  U  =  X\L[d]  and  V  =  X\U[d] ,  then  U  is  an  open 
set  containing  b  while  V  is  an  open  set  containing  c.   It  is 
claimed  that  (U  x  V)  fl  £  =  Q.   Suppose  not;  i.e.,  suppose 
there  exists  a  pair  of  elements  x  and  y  of  X  such  that 
(x,y)  e  (U  x  V)  D  £.   Then  d  <  x,y  <  d  and  x  £  y,  which 
implies  that  d  <  d.   But  this  is  a  contradiction.   Hence  the 
proof  is  complete. 

(1)  =>  (2)   We  omit  the  proof  because  it  is  trivial. 
8-5  Remark.   There  exists  a  continuum  with  a  D-point  whose 
induced  quasi-order  ^  is  not  closed.   Let  X  be  a  space  defined 
by  X  =  [(x,y)|  y  -  sin  (^~ — ),-±  <   x  *  0]  U 

TT 

[  (x,y)  |  y  =  sin  (y-~E>  >    °  *  x  <  ~3  U 

TT 

( (x,y) |  -1  £  y  £  I,    x  =  —  or  x  =  } , 

with  the  usual  topology  as  seen  in  the  following  figure. 


>  X 


Figure  8-1 
Then  X  is  a  continuum  with  a  D-point  p  =  (-  —  ,  1)  .   But 

TT 

the  induced  quasi-order  ^  is  not  closed,  since 

U[q]  =  X\((x,y)|  x  =  -  -  ,-1  ^  y  i  1]  is  not  a  closed  set  in 

X  where  q  =  (-  —  ,-1).   By  Proposition  8-1  We  know  that  £  is 

not  a  closed  relation. 

8-6  Definition.   A  continuum  X  with  a  D-point  p  is  called  a 

D-space  if  the  induced  quasi-order  <j  is  a  closed  relation  on 

X. 

We  have  seen  in  Remark  8-5  that  X  is  not  locally  connect- 
ed at  p,  while  the  induced  quasi-order  £  is  not  closed.   But 
if  X  is  a  D-space,  then  X  is  locally  connected  at  its  D-point 
P- 

8-7  Proposition.   If  X  is  a  D-space  with  D-point  p,  then  X  is 
locally  connected  at  p. 

Proof.   Let  V  be  an  open  proper  subset  containing  the 
D-point  p.   If  £  is  the  collection  of  all  L [x]  D  (X\V)  for 
each  x  of  X\V,  then  £  is  a  nonempty  collection  of  nonempty 
closed  subsets  of  X  and  £  is  totally  ordered  by  inclusion,  so 
that  n£  j-  r\.      If  d  is  a  point  of  fl£ ,  then  d  s:  x  for  all  x  of 
X\V,  since  d  e  L[x]  for  all  x  of  X\V.   This  implies  that 
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X\V  C  U[d].   It  is  not  difficult  to  verify  that  X\U[d]  = 
U{L[c] I  c  <  d] .   Then  X\U[d]  C  V  and  is  an  open  connected 
set  containing  p.   Hence  the  proof  is  complete. 

Suppose  X  is  a  D-space  with  a  D-point  p.   We  let  li  be 
the  collection  of  all  U[b]  for  each  point  b  of  X.   Then  U 
is  a  collection  of  closed  subsets  of  X  which  is  totally- 
ordered  by  inclusion.   If  we  define  M  =  (1u,  then  M  is  a  non- 
empty closed  subset  of  X,  and  is  called  the  maximal  level 
set  of  X. 

8-8  Theorem.   Let  X  be  a  D-space  with  D-point  p.   Then  the 
following  statements  hold. 

(1)  X  is  irreducible  between  its  D-point   p  and  any 
point  m  of  M. 

(2)  Each  point  z  e  X\ (M  U  {p} )  is  a  weak  cut  point  of  X. 
Furthermore,  if  M  contains  more  than  one  point,  then 
every  point  z,  except  D-point  p,  is  a  weak  cut  point 
of  X. 

(3)  Each  level  set  L , ,  except  L   =  [p]  and  the  maximal 
level  set  M,  cuts  X. 

(4)  If,  furthermore,  X  is  locally  connected,  then  X  is 
an  arc. 

Proof.   (1)   Let  A  be  a  subcontinuum  in  X  which  contains 
p  and  a  point  m  of  M.   Since  m  e  M  we  have  L[m]  =  X.   But 
L  [m]  is  the  minimal  continuum  which  contains  p  and  m  so  that 
L[m]  C  A   and  hence  A  =  X. 

(2)   From  (1)  we  know  that  each  point  z  e  X\(MU{p})  is  a 
weak  cut  point  between  p  and  m  a  point  of  M.   In  the  case 
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that  M  contains  more  than  one  point,  it  is  sufficient  to  prove 
that  each  point  m  of  M  is  also  a  weak  cut  point.   Let  n  be  a 
point  of  M  which  is  different  from  m.   Then  it  can  be  easily- 
verified  that  m  is  a  weak  cut  point  between  p  and  n,  since 
L[n]  =  X  is  the  minimal  continuum  which  contains  p  and  n. 

(3)  If  we  let  P  =  L[d]\Ld  and  Q  =  U[d]\L,,  then 

X\L,  =  PUQ  and  both  P  and  Q  are  nonempty  sets  since  M  C  Q  and 
p  e  P.   Also  P*  D  Q  =  D,  since  P*  n  Q  C  L[d]  (1  Q  =  H.   Simi- 
larly it  is  true  that  P  D  Q*  =  Q.   Thus  X\L,  is  a  disconnected 
set,  which  completes  the  proof. 

(4)  We  prove  this  part  by  steps. 

(i)   We  show  that  for  each  a  /  p,    there  exists  some 

point  a  e   L   such  that  if  V  is  an  open  neighborhood  of  a_, 

then  there  exists  a  point  b  e  V  with  b  <  a„.   Suppose  not 

and  let  a  be  a  point  such  that  for  each  I   e   L_  there  exists 

a 

an  open  neighborhood  V   of  I    for  which  I    <.   b  for  all  b  e  V  . 

Then  U[a]  =  (X\L[a])  U  (   U   V „ )  is  both  open  and  closed  in 

£eLa  I 

X.  Since  a  ^  p,  U[a]  is  a  proper  subset  of  X  which  is  both 
open  and  closed  in  X,  which  is  impossible  because  X  is  con- 
nected. 

(ii)   We  prove  that  each  level  set  L   is  a  singleton  set. 

Recall  that  L   =  [p] ,    since  L[p]  =  {p} .   So  we  assume  that 
P 

a  ^  p   and  L   contains  more  than  one  point.   By  (i)  there 
a 

exists  a  point  a   e  L  which  satisfies  the  statement  mentioned 
u     a 

in  (i)  .   Since  L   contains  more  than  one  point,  we  let  a.,  be 
a  1 

a  point  in  L  which  is  different  from  an  and  let  V   be  a 
a  0  aQ 

connected  neighborhood  of  a„  which  is  small  enough  that 


a   £  V  *.   By  (i)  there  is  a  point  b  in  V    such  that  b  <  3~. 
Then  L[b]  U  V  *   is  a  closed  connected  set  containing  p  and 

ao 

a  .   Since  p  is  a  D-point,  we  have  L[a  ]  C  L[b]  U  V  *  , 

0  u  0 

which  implies  that  a   e  L[b].   But  this  is  a  contradiction 

since  b  <  a„  and  a   ^  a,  . 

(iii)   From  (3)  and  (ii)  we  know  that  each  point 
b  £  X\M(j{p]  is  a  cut  point  of  X.   From  (ii)  we  know  that  M 
is  a  singleton  set,  hence  let  M  =  [m] .   In  order  to  prove 
that  X  is  an  arc,  it  is  sufficient  to  prove  that  p  and  m  are 
noncut  points.   So  suppose  p  is  a  cut  point,  i.e.,  X\(p]  = 
P  U  Q,  where  P  and  Q  are  disjoint  nonempty  open  sets,  and 
P*  n  Q*  =  {p] .   Since  P*  D  Q*   =    [p]  and  P*  U  Q*  =  X  is  a 
connected  set  it  is  not  difficult  to  prove  that  both  P*  and 
Q*  are  connected.   Then  both  P*  and  Q*  contain  the  D-point 
p,  but  neither  of  them  contains  the  other  as  a  subset,  which 
contradicts  the  fact  that  p  is  a  D-point.   On  the  other  hand 
we  have  X\[m)  =  u{L[d] |  d  e  X  and  d  ±   m]  is  a  connected  set, 
which  implies  that  m  is  not  a  cut  point.   Hence  the  proof 
is  complete. 

8-9  Remark.   (1)  The  converse  of  part  (1)  in  Theorem  8-8  is 
not  true.   The  space  X  in  Remark  8-5  is  irreducible  between 
points  (-  —  ,1)  and  (—  ,1)  but  is  not  a  D-space. 

(2)   In  application  8-11,  there  are  two  D-spaces  which 
are  not  locally  connected. 

8-10  Theorem.   Let  S  be  a  D-space  with  a  D-point  p  whose  max- 
imal level  set  M  contains  more  than  one  point.   If  S  satisfies 
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S   =  S  d   K,  then  the  D-point  p  is  either  a  left  or  a  right 
identity  for  S.   Furthermore,  if  v  is  a  midunit  for  S,  then 
v  =  p. 

Proof.   It  follows  from  Theorem  1-6  that  there  exists  an 
idempotent  e  which  is  a  ^-maximal  element  of  S  since  S  is 
compact  and  S   =  S.   It  follows  from  Theorem  1-7  that  e  is  not 
a  weak  cut  point  of  S  since,  by  assumption  S  /  K.   Thus  e 
must  be  the  only  point  of  S  which  is  not  a  weak  cut  point  of, 
namely,  e  =  p.   Since  by  part  (2)  of  Theorem  8-8  we  know  that 
every  point,  except  the  D-point  p,  is  a  weak  cut  point  of  S. 
Also  it  follows  from  Theorem  1-7  that  e  is  the  only  ^-maximal 
element  S.   This  implies  that  SeS  =  S,  since  e  is  an  idempotent 
and  hence  J (e)  =  SeS. 

On  the  other  hand  we  know  that  each  eS  and  Se  is  a  sub- 
continuum  and  contains  the  D-point  p,  so  that  either  eS  C  Se 
or  Se  C  eS.   Without  loss  of  generality  we  may  assume 

eS  C  Se.   Then  we  have 

2 
S  =  SeS  C  S(Se)  =  S  e  =  Se. 

In  this  case  e  is  a  right  identity.   Similarly  if  Se  C  eS 

then  e  is  a  left  identity. 

Furthermore,  if  v  is  a  midunit  of  S,  then  v  =  p,  since 

v  is  also  a  p-maximal  idempotent  in  S. 

8-11  Application.   (1)   Let  the  underlying  space  of  S  be 

defined  as  S  =  {  (x,y)  |  y  =  sin(^)  ,  0  <  x  £  -}  U 

{  (x,y)  |  x  =  0,  -1  sy  i  1),  with  the  usual  topology  as  seen 

in  the  following  figure. 
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Figure  8-2 


If  S  satisfies  S   =  S  ^  K,  then  v  =  (— ,0)  is  either  a 

TT 

left  or  a  right  identity  for  S.   Since  S  is  a  D-space  with 
D-point  v  =  (— ,0)  its  corresponding  maximal  level  set  is 
M  =  { (x,y) |xs0,  -1  iyil], 

(2)   Let  S  =  {  (e2TTlt,e_t)  |t  e  [0,co]]u[C  x  [0]]  where 
C  is  a  unit  circle,  with  the  usual  topology  as  seen  in  the 
following  figure. 


-  P 


Figure  8-3 


If  S  satisfies  S   =  S  4   K  then  p  is  either  a  left  or  a 
right  identity  for  S.   Since  S  is  a  D-space  with  a  D-point 
p,   its  corresponding  maximal  level  set  is  M  =  C  X  {0}. 

We  end  this  chapter  with  an  example.   This  is  an  example 
of  a  continuum  semigroup  on  a  triod,  probably  the  simplest 

continuum  one  can  find  which  is  not  a  D-space,  which  satisfies 

2 
S   =  S  4   K  and  has  a  proper  midunit. 
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8-12  Example.   This  example  is  constructed  as  follows.   Let 
T  =  [v,a,b,0]  with  multiplication  defined  in  the  Table  4-1. 

Then  T  is  a  semigroup,  with  discrete  topology  on  it,  with  a 

2 
proper  midunit  v  and  satisfies  T   =  T  4   K  =  (0}.   Let 

I  =  [0.1]  denote  the  closed  real  unit  interval  with  the  usual 
topology.   Let  S   =  T  x  I  with  product  topology  and  coordinate- 
wise  multiplication.   Then  S   is  a  semigroup  with  proper 

2 
midunit  (v.l)  and  satisfies  SQ   =  SQ.   If  we  let 

S   =  (  (v,0)  .  (a,0)  ,  (b,0) }  U  [(0}  x  I],  then  S1    is  a  closed 

ideal  in  S  .   Then  the  Rees  quotient  S  =  SQ/S1    is  a  semigroup 

2 
with  proper  midunit  (v,l)  and  zero  satisfying  S   =  S.  and  is 

homeomorphic  to  a  triod  as  in  the  following  figure  [21]  . 


(v,l) 


(a,l) 


(b,l) 


(0,0 


Figure  8-4 
It  is  not  difficult  to  see  that  this  space  is  not  a 
D-space,  because  none  of  the  points  in  S  can  be  a  D-point. 


CHAPTER  IX 

EXAMPLES  OF  SEMIGROUPS  ADMITTING  NO  PROPER  MIDUNIT 

In  this  chapter  we  consider  S  to  be  a  circle  with  a 
closed  interval  issuing  from  a  point  of  the  circle  as  seen  in 
Figure  9-2.   We  prove  that  if  S  is  a  semigroup  with  midunit  v 
and  satisfies  S  =  SEUES  -t   K,  then  v  is  either  a  left  or  a 
right  identity  for  S  and  the  circle  is  contained  in  K.   The 
way  of  approaching  this  result  is  different  from  the  one 
described  in  the  last  chapter.   In  working  on  this  problem  we 
found  the  interesting  cohomological  result  given  in  Theorem 
9-1.   We  also  give  two  examples  of  semigroups  which,  due  to  the 

topological  structure  of  their  underlying  spaces,  do  not 

2 
admit  the  structure  of  a  semigroup  S  satisfying  S   =  S 

unless  the  multiplication  on  S  is  either  left  or  right  zero 
multiplication.   We  proceed  with  the  main  theorem  of  this 
chapter . 

9-1  Theorem.   Let  S  be  a  continuum  semigroup  with  zero  satis- 
fying S  =  ESUSE.   If  eS  H  fS  and  Se  (1  Sf  are  connected  for 
each  pair  of  idempotents  e  and  f  of  S,  then  H  (S)  =  0. 

Proof.   Suppose  the  conclusion  is  not  true;  that  is, 
there  exists  such  a  semigroup  S  such  that  H  (S)  ^  0.   Let  h  be 
a  nonzero  element  of  H  (S) .   Let  F  be  a  closed  subset  of  E 
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which  is  minimal  relative  to  the  condition  h|FSUSF  ^  0.  The 
existence  of  F  is  guaranteed  by  the  assumption  S  =  ESUSE  and 
the  Reduction  Theorem  1-2.  it  is  claimed  that  F  cannot  be  a 
singleton  set.  So  we  assume  that  F  =  {e]  where  e  is  a  idem- 
potent  such  that  h|eSUSe  4  0.  By  the  Mayer-Vietor is  Sequence 
Theorem  1-1,  we  have  the  exact  sequence, 

H°(eSe)  __A_>.  H1  (eSUSe)  t*x  t  * >   H1(eS)  x  H1  (Se)  i*-  i     H1  (eSe) 
Since  eSe  is  a  subcontinuum  semigroup  with  identity  e  and  zero, 
one  has  H°(eSe)  =  0  and  H  (eSe)  =  0  [19].   Therefore  t*x  t 
is  an  isomorphism  from  H  (eSUSe)  onto  H  (eS)  x  H  (Se) .   But 
eS  and  Se  are  subcontinuum  semigroups  with  zero  and  left 
and  right  identity,  respectively,  and  hence  H  (eS)  =  0  and 
H  (Se)  =  0  [19].   Thus  H1  (eSUSe)  =  0,  which  contradicts  the 
fact  that  h|eSUSe  -f   0.   So  one  may  write  F  as  union  of  two 
closed  proper  subsets  A  and  B,  that  is  F  =  AUB.   Then  we  have 
FS  U  SF  =   (A  U  B)S  U  S  (A  U  B) 

=   (AS  U  BS)  U  (SA  U  SB) 

=   (AS  U  SA)  U  (BS  U  SB) 
and  (AS  U  SA)  f!  (BS  U  SB)  =  (AS  D  BS)  U  (SA  D  BS)  U  (AS  H  SB)  U 

(SA  0  SB)  . 
Since  AS  D  BS  =  U(eS  H  f S  |  e  e  A  and  f  e  B]  ,  AS  (1  BS  is  a  union 
of  connected  sets  with  a  common  point  zero,  hence  AS  0  BS  is 
a  connected  set.   Similarly  we  can  prove  SA  (1  SB  is  a  connected 
set.   It  is  easy  to  see  that  SA  D  BS  =  BSA  and  SA  D  SB  =  ASB 
are  connected  sets.   Therefore  (AS  U  SA)  D  (BS  U  SB)  is  a 
connected  set  in  S. 

Consider  the  following  portion  of  the  Mayer-Vietoris 
exact  sequence. 
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9°  ((AS  U  SA)  fl  (BS  U  SB))   A    H1(FS  (1  SF)   t*x  t 

H1  (AS  U  SA)  X  H1  (BS  (J  SB). 

By  the  minimal  condition  on  F  we  have  h | AS  U  SA  =  0  and 

h|BS  U  SB  =  0,  i.e.,  t  X  t   (h|FS  U  SF)  =  (h|AS  U  SA  , 

hJBS  U  SB)  =  (0,0).   On  the  other  hand  H°  (  (AS  U  SA)  fl 

(BS  U  SB))  =  0,  since  (AS  U  SA)  H  (BS  U  SB)  is  a  connected 

set.   This  implies  that  t  x  t    is  injective  so  that 

t   x  t   (h|FS  U  SF)  ^  (0,0),  since  h | FS  U  SF  /  0.   This  is 

a  contradiction  and  hence  H  (S)  =0.   The  proof  is  complete. 

9-2  Remark.   Without  the  condition  that  eS  fl  fS  and  Se  fl  Sf 

are  connected  for  each  pair  of  idempotents  e  and  f  of  S,  the 

conclusion  of  Theorem  9-1  is  false  by  an  example  of  Hudson  [7 

This  example  is  of  a  semigroup  S  =  SE  -which  is  a  continuum, 

has  a  zero  and  H  (S)  ss  G  for  any  coefficient  group  G.   The 

underlying  space  of  S  is  a  circle  with  two  closed  intervals 

issuing  from  a  common  point  of  the  circle  as  seen  in  the 

following  figure. 

q 


Figure  9-1 

The  points  e  and  f  are  idempotents  and  0  is  the  zero  for 
S.  Under  the  multiplication  defined  there,  one  has  Se  to  be 
the  arc  from  p  to  e  containing  q  and  0,  and  Sf  to  be  the 
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arc  from  p  to  f  containing  r  and  0.   Also  we  have  Se  fl  Sf  = 
[p.Ol  which  is  a  disconnected  set. 

If  S  is  a  continuum  semigroup  with  zero  satisfying 
S  =  ESE ,  then  it  is  not  difficult  to  prove  that  all  left  and 
right  ideals  of  S  are  connected.   In  particular,  eS  D  fS  and 
Se  fl  Sf  are  connected  for  each  pair  of  idempotents  e  and  f. 
since  eS  fl  fS  and  Se  Pi  Sf  are  right  and  left  ideal  of  S, 
respectively.   The  following  theorem  due  to  Cohen  and  Koch 
[4]  follows  easily  from  Theorem  9-1. 

9-3  Theorem.   If  S  is  a  continuum  semigroup  with  zero  satis- 
fying S  =  ESE,  and  if  I  is  a  closed  ideal  of  S,  then  H  (I)  =  0 
In  particular,  H  (S)  =  0. 

The  following  example  is  an  application  of  Theorem  9-1. 
9-4  Example.   Let  S  be  a  circle  C  with  a  closed  interval 
I  =  [0,1]  issuing  from  a  point  of  the  circle,  as  illustrated 
in  the  following  figure. 


Figure  9-2 

Suppose  S  =  ESUSE.   Then  the  following  statements  hold, 

(1)  If  S  =  K,  then  S  has  either  left  zero  or  right 
zero  multiplication. 

(2)  K  contains  the  circle  C. 
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(3)   If  S  J   K  and  v  is  a  midunit  for  S,  then  v  is  either 
a  left  or  a  right  identity  for  S  and  is  the  endpoint 
of  the  protruding  segment. 
We  prove  this  result  as  follows. 

(1)  If  S  =  K  then  since  S  admits  neither  a  non-trivial 
topological  factorization  nor  a  topological  group,  there  are 
only  two  possible  multiplications  on  S;  namely  the  left  zero 
or  right  zero  multiplication. 

(2)  In  order  to  prove  that  K  contains  the  circle  C,  we 
show  first  S  does  not  admit  the  structure  of  a  semigroup 
satisfying  S  =  ESUSE  with  zero.   It  is  claimed  that  both 
eSflfS  and  SeflSf  are  connected  for  each  pair  of  idempotents  e 
and  f  of  S.   Assume  e  and  f  are  a  pair  of  idempotents  such 
that  eSflfS  is  a  disconnected  set  and  consider  the  following 
portion  of  the  Mayer-Vietoris  exact  sequence. 

-S°(eS)  X  H°(fS)  iVi.'*    H°(eSnfS)  _A    H1(eSUfS)  t*x  t'*^ 

**  r  ■ ^ 

H1 (eS)  x  H1 (fS)  - 
where  S°(eS)  =  0,  H°(fS)  =  0,    H1(eS)  =  0  and  H1(fS)  =  0,  since 
both  eS  and  fS  are  subcontinuum  semigroups  with  zero  and  left 
identity  [19].   Also  we  know  that  H°(eSnfS)  ^  0,  since  by 
assumption  eS  fl  fS  is  a  disconnected  set.   It  follows  that 
H  (eSUfS)  j£   0  since  A  is  an  isomorphism.   It  is  not  difficult 
to  check  that  a  subcontinuum  B  of  S  satisfies  H  (B)  /   0  only 
if  C  C  B.   Hence  eSUfS  is  either  the  circle  C  or  it  is  the 
circle  C  with  part  of  the  closed  interval  [0,p]  of  I  for 
some  point  p,  as  in  Figure  9-2. 
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Suppose  that  neither  e  e  fS  nor  f  e  eS .   I f  we  consider 

T  =  eSl'fS,  then  T  is  a  subcontinnum  semigroup  satisfying 

2 
T  =  T   and  has   e  and  f  as  two  ft-maximal  idempotents.   It 

follows  from  Theorem  1-8  that  neither  e  nor  f  can  be  a  locally 
separating  point  of  T.   Since  there  is  only  one  possible  non- 
locally  separating  point  in  T  (which  is  denoted  by  p  in 
Figure  9-2) ,  it  follows  that  e  =  f  =  p.   This  contradicts 
the  assumption  that  neither  e  e  fS  nor  f  e    eS .   Therefore 
either  e  e    fS  or  f  e  eS .   Without  loss  of  generality  we  may 
assume  e  e  f S .   Then  we  have  that  eSflfS  =  f S ,  which  is  again 
a  contradiction  since  by  assumption  eSflfS  is  disconnected. 
It  follows  that  eSflfS  and  SeDSf  are  connected  for  each  pair 
of  idempotents  e  and  f  of  S.   By  Theorem  9-1  we  have  H  (S)  =  0, 
But  we  know  that  H  (S)  ^  0  and  hence  S  does  not  admit  struc- 
ture of  a  semigroup  with  zero  satisfying  S  =  ESUSE. 

In  order  to  prove  that  K  contains  the  circle,  we  assume 
C  is  not  contained  in  K.   Then  the  underlying  space  of  the 
Rees  quotient  S/K  is  homeomorphic  to  S  again.   Let  E  denote 
the  set  of  idempotents  in  S/K,  and  let  ty:  S  -  S/K  be  the 
natural  homomorphism.   Then  i|i  (E)  =  E  and  it  follows  that 
f(S)  =  ij/(E)iJ((S)  U  \|/(S)\Ji(E)  and  has  zero.   By  preceding  argu- 
ment we  know  this  is  impossible,  thus  C  is  contained  in  K. 

(3)   It  follows  from  Theorem  1-8  that  v  has  to  be  the 
endpoint  of  the  closed  interval  I  in  Figure  9-2.   Also 
since  vSv  meets  K  and  C  C  K,  one  has  [S\K]  C  vSv,  i.e.,  v  is 
a  two-sided  identity  for  S\K.   Therefore,  in  order  to  prove 
that  v  is  either  a  left  or  a  right  identity  for  S,  it  is 
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sufficient  to  prove  that  v  is  either  a  left  or  a  right 
identity  for  K.   Since  K  cannot  be  non-tr ivially  topologically 
factored,  there  are  only  three  possible  multiplications  on  K; 
a  group  multiplication,  left  zero  and  right  zero  multiplica- 
tions.  In  case  K  is  a  group  with  identity  w,  then  [wv.vw]  C  K 

2 
since  K  is  an  ideal  in  S.   Also  we  have  (wv)   =  (wvw)v  = 

2  2  2 

w  v  =  wv  and  (vw)   =  v (wvw)  =  vw   =  vw ,  i.e. ,  wv  and  vw  are 

both  idempotents  in  K.   But  there  is  only  one  idempotent  in 

K,  hence  vw  =  wv  =  w,  i.e. ,  v  is  a  two-sided  identity  for  K. 

Indeed,  v  is  a  two-sided  identity  for  S  when  K  is  a  group. 

2 

In  case  K  has  left  zero  multiplication,  then  kvk  =  k   =  k, 

and  (kv)k  =  kv  for  each  k  in  K,  which  implies  that  v  is  a 
right  identity  for  K.   In  case  K  has  right  zero  multiplication, 
we  can  prove  similarly  that  v  is  a  left  identity  for  S.   Hence 
the  proof  is  complete. 

We  conclude  this  chapter  with  two  examples  which,  due  to 

their  topological  structure,  do  not  admit  the  structure  of  a 

2 

topological  semigroup  S  satisfying  S   =  S  unless  S  has  left 

or  right  zero  multiplication.   The  notion  of  midunit  is  used 
in  the  proof.   The  first  example  is  due  to  McCharen  [11] .   We 
give  his  result  here  without  proof. 

9-5   Example.   Let  S  be  the  space  of  tangent  circles  converging 
to  a  point  e,  as  illustrated  in  the  following  figure. 
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Figure  9-3 


Then  S  does  not  admit  the  structure  of  a  topological 

2 

semigroup  satisfying  S   =  S  unless  S'has  of  left  or  right 

zero  multiplication. 

Recall  that  a  continuum  X  is  1-semi-locally  connected 
at  point  p,  if  for  any  open  neighborhood  U'of  p  there  exists 
an  open  set  V  such  that  p  g  V  C  U  and  X\V  is  connected.   It 
is  not  difficult  to  prove  that  if  X  is  a  continuum  and  p  is  a 
marginal  point  of  X,  then  X  is  I-semi-locally  connected  at  p. 
9-6  Example.   Let  S  be  defined  by 

S  =  {  (0,y)  |  -2  ^  y  ^  1}  U  (  (x,-2)  |  0  £  x  £  ^}  U  {  (^,y)  |  -2iy^0] 

UT  where  T  =  {  (x,sin— )  I  0  <  x  <.  — }  ,    as  illustrated  in 

the  following  figure. 
A  Y 
P 


Figure  9-4 


Then  S  does  not  admit  a  semigroup  satisfying  S   =  S  unless 
S  has  either  left  or  right  zero  multiplication. 
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Wo  may  assume  S  /  K,  since  otherwise  we  are  finished, 
since  this  space  possesses  no  non-trivial  topological  factori- 
zation and,  being  nonhomogeneous ,  cannot  be  a  group.   By  a 
sequence  of  observations  we  shall  arrive  at  a  contradiction. 
It  is  first  claimed  that  S  does  not  admit  the  structure  of  a 

topological  semigroup  S  with  midunit  and  zero  also  satisfying 

2 
S   =  S.   If  v  is  a  midunit  of  S  then  from  Proposition  3-1  we 

have  that  v  is  a  ^-maximal  idempotent  in  S .   By  Theorem  1-8 

we  know  that  a  ^-maximal  element  cannot  be  a  local  separating 

point.   It  follows  that  v  must  be  located  at  the  point 

p  =  (0,1),  since  p  is  the  only  non-local  separating  point  in 

S.   The  sets  vS  and  Sv  are  both  continuum  semigroups  in  S 

with  zero,  also  with  left  identity  and  right  identity, 

respectively.   Hence  H  (vS)  =  0,  and  H  (Sv)  =  0  [19].   Also 

it  is  not  difficult  to  see  that  H1(S)  /   0 ,  so  that  both  vS 

and  Sv  are  proper  subcontinua  of  S  and  contain   a  common 

point  p  =  (0,1). 

We  try  to  prove  that  either  vS  C  Sv  or  Sv  C  vS .   Let  us 

consider  N  =  {c  |c   =  (—,0),  n  =  1,2,3,...}  as  illustrated 
n'  n    nn' 

in  Figure  9-4.   It  is  claimed  that  both  vS  and  Sv  could 
contain  only  finite  many  points  of  N.   If  vS  contains  infinitely 
many  points  of  N,  then  it  follows  that  vS  contains  the  subset 
( (x,sin— ) |0  <  x  <  c]  of  T  for  some  c,  since  vS  is  a  continuum 
containing  p.   Therefore  vS  is  not  I-semi-locally  connected 
at  p,  otherwise  it  contradicts  the  fact  that  v  is  marginal  in 
vS  [11] .   Hence  both  vS  and  Sv  contain  only  finitely  many 
points  of  N.   Then  it  is  easy  to  see  that  vS  C  Sv  or  Sv  C  vS . 
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Without  loss  of  generality  we  may  assume  Sv  C  vS ,  then 
S  =  s2  =  (Sv)S  C  (vS)S  =  vS  C  S;  thus  S  =  vS .   Then  S  is  a 
continuum  semigroup  with  left  identity  and  zero.   Therefore 
one  has  H1(S)  =  H  (vS)  =  0  [19].   This  contradicts  the  fact 
that  H1 (S)  /  0. 

Now  we  may  assume  K  is  not  a  singleton  set.   We  consider 
the  Rees  quotient  S/K,  and  let  i|i  ;  S  -*  S/K  be  the  natural 
homomorphism.   Then  it  is  evident  that  t|i(S)  =  S/K  is  a  con- 
tinuum semigroup  satisfying  (S/K) (S/K)  =  S/K  and  contains 
a  midunit  t[r  (v)  and  a  zero.   From  the  topological  point  of 
view  we  know  that  S/K  is  either  homeomorphic  to  circle  or  to 
the  original  space  as  seen  in  Figure  9-4.   But  the  case  that 
S/K  is  homeomorphic  to  a  circle  cannot  happen  because  every 
point  on  a  circle  is  a  local  separating  point.   Hence  S/K  is 
homeomorphic  to  the  original  space  S.   From  the  preceding 

argument  it  follows  that  S/K  does  not  admit  a  semigroup  S/K 

2 
with  midunit  and  zero  and  satisfying  S   =  S. 

Now  we  are  able  to  prove  that  S  does  not  admit  a  semi- 

2 

group  satisfying  S   =  S  unless  S  has  either  left  or  right 

zero  multiplication.  It  follows  from  Theorem  1-8  that  no 
^-maximal  element  is  a  local  separating  point  of  S  and  hence 
p  must  be  the  unique  ^-maximal  element  of  S.  By  Theorem  1-6 
we  know  p  must  be  an  idempotent.  Therefore  one  has  S  =  SeS . 
The  conclusion  follows  from  Proposition  7-1,  Proposition  7-2 
and  preceding  argument. 


CHAPTER  X 


SEMIGROUPS  WITH  MIDUNIT  ON  THE  TWO-CELL 


In  this  chapter  we  investigate  the  structure  of  those 

2 

semigroups  with  midunit  and  zero  satisfying  S   =  S  on  a  top- 
ological two-cell.   We  let  S  be  a  two-cell  with  boundary  B 
in  a  complex  plane  I,  M  be  the  set  of  all  midunits,  J  be  the 
^-class  of  midunits  and  H   the  maximal  subgroup  containing 
the  midunit  v.   We  prove  that  if  H  (H  )  /   0  for  some  midunit 
v,  then  M  =  fv] ,  J  =  H   =  B,  and  v  is  a  two-sided  identity 
for  S.   If  H  (M)  /  0,  then  J  =  M  =  B,  and  all  midunits  are 
either  left  identities  for  S  or  all  are  right  identities  for 
S.   It  follows  that  cd(J)  <.   1 .      We  conclude  this  chapter  with 

an  example  of  a  semigroup  S  with  zero  on  a  two-cell  which 

2 

satisfies  S   =  S  and  contains  a  proper  midunit. 

Let  (E  be  a  complex  plane  with  the  usual  topology,  and  X 
be  the  unit  two-cell  in  E;  that  is,  X  =  [z|z  e  <E  and  |z|  s;  1} 
Let  B  be  the  boundary  of  X  in  C;  that  is,  B  =  [z|  |z|  =  l) . 
We  proceed  with  a  topological  lemma. 

10-1  Lemma.  Let  X  be  the  unit  two-cell  with  boundary  B  in 
a  complex  plane  E.  If  A  is  a  closed  subset  of  X  such  that 
B  C  A  and  H1 (A)  =  0,  then  A  =  X. 

Proof.   if  A  /  X,  then  there  exists  an  element  z~  e  X\A. 
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Without  loss  of  generality  we  may  assume  z   =  (0,0).   If  the 
function  r\:    A  -»  B  is  defined  by  n(z)  =  -i — r  ,  then  n  is  con- 
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tinuous .   It  follows  that  B  is  a  retract  of  A,  since 

n(b)  =  TyTT   =  y  =  b  for  each  b  in  B .   If  we  let  i  be  the 

inclusion  map  from  B  into  A,  then  its  induced  homomorphism 

*    1        1 
i  :  H  (A)  -»  H  (B)  is  an  epimorphism  [13].   Therefore 

H  (A)  d    0,  since  H  (B)  4    0.   But  this  is  a  contradiction, 

since  by  assumption  H  (A)  =  0.   The  proof  is  complete. 

It  is  well  known  that  if  A  is  a  closed  subset  of  the 
complex  plane  £E ,  then  A  cuts  (C  if  and  only  if  H  (A)  ^  0  [13], 
10-2  Lemma.   Let  X  be  the  unit  two-cell  with  boundary  B  in 
a  complex  plane  (E.   If  A  is  a  closed  subset  of  X  such  that 
X\A  is  a  dense  connected  subset  of  X  and  H  (A)  4-    0,  then 
B  C  A. 

Proof.   Since  by  assumption  H  (A)  4    0,  we  know  that  A 
cuts  the  complex  plane  (C.   Then  E\A  can  be  written  as  a 
union  of  a  pair  of  nonempty  separated  sets  P  and  Q;  that  is, 
C\A  =  P  U  Q.   Without  loss  of  generality  we  may  assume  that 
X\A  C  p,  since  by  assumption  X\A  is  a  connected  set.   Then  it 
follows  that  (X\A) *  C  P*,  which  is  equivalent  to  X  C  P*  ,  since 
by  assumption  we  know  that  X\A  is  a  dense  set  in  X.   It  is 
claimed  that  P*  =  P  U  A.   That  P  U  A  is  a  subset  of  P*  is  easy 
to  see  since  A  C  x  C  P*.   On  the  other  hand,  since  P*  fl  Q  =  n 
and  P  UA  UQ  =  E,  we  have  that  P*  is  a  subset  of  P  U  A. 
Therefore  P*  =  P  U  A,  and  Q  =  (E\P*.   If  we  let  F[P*]  be  the 
boundary  of  P*  in  (C ,  then  F  [P*]  =  p*  n  ((E\P*)   =  P*  n  Q*  C  A . 
and  F[P*]  =  P*\P  °  C  p*\X°  C  B  U  (P*\X) .   This  implies  that 
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f[p*]  c  a.  n  [b  u  (p*\x)]  =  (a  n  b)  ii  [ah  (p*\a)  ]  =  a  n  B, 

since  A  il  (P*\X)  =  H.   It  is  true  that  (TF[P*]  =  P*°  U  Q, 

*o 
because  P*  U  Q  =  (C  and  F[P*]  =  P*\P    .   On  the  other  hand 

*o  o 

P    is  a  non-empty  set,  since  X   is  a   nonempty  subset  of 

*o 
P   .   This  implies  that  F  [P*]  cuts  the  complex  plane  C ,  since 

X\F[P*]  can  be  written  as  a  union  of  a  pair  of  nonempty  sep- 

*o 
arated  sets  P    and  Q.   But  no  subset  of  B  cuts  (C  except  B 

itself.   This  implies  that  B  C  F[P*]  and  therefore  B  C  A 

since  we  proved  that  F  [P*]  C  A  fl  B. 

10-3  Theorem.   Let  S  be  a  two-cell  with  boundary  B  in  the 

complex  plane  C  with  the  usual  topology.   Suppose  S  is  a  semi- 

2 

group  with  midunit  and  zero  satisfying  S   =  S.   Let  M  be  the 

set  of  all  midunits  ,  J  be  the  p-class  of  the  midunits,  and 
H  be  the  maximal  subgroup  of  the  midunit  v.   Then  the  fol- 
lowing statements  hold. 

(1)  If  H  (H  )  ±   0  for  some  midunit  v,  then  J  =  H   =  B, 
M  =  [v] ,    and  v  is  a  two-sided  identity  for  S. 

(2)  If  H  (M)  ^    0,    then  J  =  M  =  B ,  and  all  midunits  are 
either  left  identities  for  S  or  all  are  right 
identities  for  S . 

(3)  cd(J)  £  1. 

Proof.   (1)   By  Proposition  6-1  and  Proposition  6-2  we 

know  that  S\H   is  a  dense  connected  subset  of  X.   It  follows 

from  Lemma  10-2  that  B  C  H  ,  since  by  assumption  we  know  that 

H  (H  )  ^  0.   Therefore  B  C  vSv ,  since  H  C  vSv.   On  the  other 
v  v 

hand  we  know  that  H  (vSv)  =  0,  since  vSv  is  a  continuum  sub- 
semigroup  with  two-sided  identity  v  and  zero  [19] .   It 


6  7 

follows  from  Lemma  10-1  that  S  =  vSv.   In  order  to  prove 

2 
M  =  [v] ,  let  u  be  a  midunit  of  S.   Then  we  have  vuv  =  v   =  v 

and  also  vuv  =  u,  since  v  is  a  two-sided  identity  for  S, 
therefore  u  =  v  and  M  =  [v] .   Since  v  is  a  two-sided  identity 
for  S,  we  know  that  each  point  of  H   is  a  marginal  point  of 
S  [6;  p.  168] .   This  implies  that  H  C  B.   But  since  we  have 
proved  that  B  C  H  ,  one  has  H   =  B.   It  follows  easily  from 
part  (3)  of  Theorem  3-9  that  J  =  H  .  ,  The  proof  of  (1)  is 
complete. 

(2)   By  Proposition  6-1  and  Proposition  6-2  we  know  that 
S\M  is  a  dense  connected  subset  of  X.   It  follows  from  Lemma 
10-2  that  B  C  M,  since  by  assumption  we  know  that  H  (M)  ^    0. 
Therefore  B  C  MSM,  since  M  C  MSM.   On  the  other  hand  we  know 
that  H  (MSM)  =  0,  since  MSM  is  a  continuum  subsemigroup  with 
zero  and  M  is  a  set  of  idempotents  in  S  [4] .   By  Lemma  10-1 
we  know  that  S  =  MSM.   It  follows  from  Theorem  1-9  that 
M  C  b,  since  each  midunit  is  a  ^-maximal  idempotent  element  of 
S.   But  since  we  have  proved  that  B  C  M,  one  has  M  =  B.   By 
Proposition  2-4  we  know  that  M  is  a  rectangular  band;  i.e., 
M  s:  Mv  x  vM  with  coordinatewise  multiplication  while  Mv  is  a 
subsemigroup  with  left  zero  multiplication  and  vM  is  a  sub- 
semigroup  with  right  zero  multiplication,  where  v  is  a  midunit. 
Since  B  is  a  unit  circle  which  does  not  admit  a  non-trivial 
topological  factorization,  one  has  either  M  ft  Mv  or  M  s=  vM  [9]. 
In  case  M  has  left  zero  multiplication,  it  is  claimed  that 
all  midunits  are  right  identities  for  S.   In  order  to  prove 
this  we  let  x  be  an  element  of  S.   Then  there  exists  a  pair 
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of  midunits  v  and  u  such  that  x  =  vxu  since  S  =  MSM.   If  w  is 
a  midunit,  then  xw  =  vxuw  =  vx(uw)  =  vxu  =  x,  which  implies 
that  w  is  a  right  identity  of  S.   Hence  in  this  case  all 
midunits  are  right  identities  for  S.   In  case  M  has  right 
zero  multiplication  we  could  prove  analogously  that  each  mid- 
unit  is  a  left  identity  for  S.   It  is  true  that  if  S  is  a 
continuum  semigroup  with  zero  satisfying  S  =  vS (Sv)  for  some 
idempotent  v,  then  each  point  of  H   is  marginal  [11,  p. 6]. 
This  implies  that  Hv  =  (v)  for  each  midunit  v,  since  B  =  M 
and  each  midunit  is  either  a  left  or  a  right  identity  for  S. 
It  follows  from  Theorem  3-9  that  J  =  M.   The  proof  of  part 
(2)  is  complete. 

(3)   if  h  (Hv)  ^  0  for  some  midunit  v,  then  by  (1)  we 
have  that  J  =  B  so  cd(j)  =  1.   We  assume,  therefore,  that 
H  (Hv)  =  0  for  each  midunit  v;  that  is,  H   is  totally  discon- 
nected for  each  midunit  v.   From  Corollary  5-5,  it  is  suf- 
ficient to  prove  that  cd(M)  £  1 .   in  order  to  prove  cd(M)  <.   1, 
we  let  N  be  a  closed  subset  of  M  such  that  i*:  H1 (M)  -  H1 (N) 
is  not  epimorphic,  where  i  is  the  inclusion  map  from  N  into  M. 
Therefore  H  (N)  ^  0.   By  Proposition  6-1  and  Proposition  6-2 
we  know  that  S\N  is  a  dense  connected  subset  of  X.   It  follows 
from  Lemma  10-2  that  B  C  N.   Therefore  B  C  M,  since  N  is  a 
subset  of  M.   On  the  other  hand  we  know  that  H1 (MSM)  =  0, 
since  MSM  is  a  continuum  subsemigroup  with  zero  and  M  is  a 
set  of  idempotents  in  S  [4 J .   By  Lemma  10-1  we  know  that 
S  =  MSM.   It  follows  from  Theorem  1-9  that  M  C  B,  since  each 
midunit  is  a  ^-maximal  idempotent  of  S.   Then  we  have 
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M  C  B  C  N  C  M,  which  implies  that  M  =  N.   This  contradicts 
the  fact  that  i*  is  not  epimorphic.   This  completes  the  proof. 
10-4  Remark.   (1)   In  [12] ,  Mostert  and  Shields  give   a 
description  of  a  semigroup  on  the  two-cell  where  the  boundary 
of  the  two-cell  relative  to  the  plane  is  a  group, corresponding 
to  the  situation  in  part  (1)  of  Theorem  10-3. 

(2)   In  [10] ,  Lester  gives  a  description  of  a  semigroup 
on  the  two-cell  where  the  multiplication  satisfies  the  fol- 
lowing two  conditions:   (1)  for  x  and  y  in  the  boundary  B  of 
the  two-cell  to  the  plane  xy  =  x,  and   (2)   there  is  a  zero 
but  no  other  idempotent  in  the  interior  of , the  two-cell. 
Then  there  exists  an  I-semigroup  T  in  S  such  that  S  =  BT. 
Also  for  e  and  f  in  B  and  s  in  T  (es)  (ft)  =  e(st);  and  if 
es  =  ft  then  s  =  t.   This  corresponds  to  a  special  case  of 
part  (2)  of  Theorem  10-3. 

We  end  this  chapter  with  an  example  of  a  semigroup 

S  with  zero  and  a  proper  midunit  on  a  two-cell  which  satisfies 

2 

S   =  S. 

10-5  Example.   Let  {a,b}  be  a  discrete  space  with  left  zero 
multiplication  and  I  =  [0,1]  denotes  the  real  unit  closed 
interval  with  usual  multiplication.   Then  [a,b]  x  I,  with 
coordinatewise  multiplication,  is  a  compact  semigroup.   If 
we  set  TQ  =  ({a}  XI)  U  ({b}  x  [0,-|]),  then  TQ  is  a  closed 
subsemigroup  of  [a,b]  XI.   It  is  not  difficult  to  see  that 
I   =  (  (a,0)  ,  (b,0) }  is  a  closed  ideal  in  TQ.   If  we  let  SQ  be 
the  Rees  quotient   °/(  (a  ,0)  ,  (b,0) } ,  then  SQ  is  a  semigroup 
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on  a  closed  unit  interval  with  zero  and  with  a  right  identity 
(a.l)  at  one  endpoint  which  is  not  simultaneously  a  left 
identity  for  S    as  seen  in  Figure  10-1.   Let  S  =  SQ  x  SQ 

with  multiplication  be  defined  by  (x,y)(z,w)  =  (xz ,wy) .   Then 

2 

it  can  be  verified  that  S   =  S  with  v  =  (  (a  ,  1),  (a  ,  1)  )  is  a 

proper  midunit.   Since  S  =  S   x  SQ,  the  underlying  space  of 
S  is  homomorphic  to  a  two-cell. 


(a,l) 


Figure  10-1 


CHAPTER  XI 

MARGINALITY  OF  THE  MIDUNITS 
IN  A  CONTINUUM  SEMIGROUP 

It  is  a  well-known  result  that  if  S  is  a  continuum 
semigroup  with  identity  which  is  not  a  group,  then  each  point 
of  the  maximal  group  of  the  identity  is  marginal  in  S  [6;p.l68]. 

In  this  chapter  we  investigate  the  marginality  of  the  midunits 

2 
in  a  continuum  semigroup  S  satisfying  S   =  S  f-   K.   Recall 

that  a  point  p  in  a  space  X  is  marginal  if  and  only  if  for 

each  open  set  U  containing  p,  there  exists  an  open  set  V  such 

that  p  e  V  C  u  and  i*:  H*  (X)  -»  H*  (X\V)  is  an  isomorphism, 

where  i  is  the  inclusion  map  from  X\V  into  X. 

2 
Without  the  condition  S   =  S  ^   K,  a  midunit  may  not  be  a 

marginal  point,  as  it  is  seen  in  the  following  example  which 

was  mentioned  in  Example  2-1. 

11-1  Example.   Let  S  be  the  closed  unit  interval  [0,1]  with 

the  usual  topology.   If  ab  =  minimum  [a,b,-p],  then  S  is  a 

semigroup  with  -~  as  a  midunit  and  0  as  zero.   It  is  easy  to 

2         1 
see  that  S  f   S  and  -=•  is  not  a  marginal  point. 

We  proceed  with  a  lemma. 

11-2  Lemma.   Let  S  be  a  compact  semigroup  with  midunit  v 

2 

satisfying  S   =  S  ^  K.   Then  the  following  two  statements  are 

equivalent. 
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(1)   Hv  C  (vSv) 
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(2)   H   fl  (Sv\vSv)*  =  n  and  H   fl  (vS\vSv)  *  =  Q. 

Proof.   (1)  =»  (2)   We  know  that  (vSv)°  D  (Sv\vSv)  =  n 
since  (vSv)°  C  vSv .  which  implies  that  (vSv)°  fl  (Svx  vSv)  *  =  ~ 
because  (vSv)   is  open.   Therefore  H   fl  (Sv\vSv)  *  =  n,  since 
by  assumption  we  have  H  C  (vSv)  .   Similarly  we  can  prove 
that  H   fl  (vS\vSv)*  =  □• 

(2)  ^*  (1)   It  is  first  claimed  that 
H   fl  [  (Sv\vSv)  *  (vSWSv)  *]  =  0-   Otherwise  we  let  x  and  y 
be  a  pair  of  elements  such  that  x  e  (SvXySv) * ,  y  e  (vS\vSv)* 
and  xy  e  H  .   If  we  let  J  be  the  ^-class  of  the  midunit  v, 
then  it  follows  from  Proposition  3-6  that  [x,y]  C  j.   it  is 
true  that  xv  =  x  and  vy  =  y,  because  x  e  (Sv\vSv) *  C  (Sv) *  = 
Sv  and  y  e  (vS\vSv) *  C  (vS)*  =  vS .   Through  use  of  Proposition 
3-5  we  know  that  vyv  e  H  .   If  z  is  the  inverse  of  vyv  in  H  , 
then  we  have  x  =  xv  =  xvyvz  =  xyvz  =  xyz  e  H  .   But  this  is  a 
contradiction  since  H   0  (Sv\vSv)*  =  Q-   Next  we  let 
V  =  S\[(Sv\vSv)*  U  (vS\vSv)*  U  (Sv\vSv)  *  (vS\vSv)  *]  ,  and  we 
want  to  prove  that  H  C  V  C  (vSv)  .   By  assumption  we  have 
that  H   fl  (Sv\vSv)  *  =  □  and  Hv  fl  (vS\vSv)*  =  Q.      Also  we  have 
proved  that  H   D  [ (Sv\vSv) * (vS\vSv) *]  =  Q.   It  follows  that 
H  C  V.   In  order  to  prove  that  V  C  (vSv)  ,  it  is  sufficient 

to  show  that  V  C  vSv,  since  V  is  open.   Otherwise  let  z  be 

2 

a  point  such  that  z  e  V\vSv.   Since  S   =  S  and  v  is  a  midunit, 

z  can  be  written  as  z  =  avb  for  some  pair  of  elements  a  and  b 
in  S .   It  is  claimed  that  av  £  vSv .   So  we  assume  that  av  =  vav. 
Then  z  =  avb  =  vavb  e  vS\vSv,  which  contradicts  the  fact  that 


73 

V  fl  (vS\vSv)  *  =  D-   This  proves  that  av  £  vSv.   Similarly  we 
can  prove  that  vb  e  vS\vSv.   Then 

z  =  avb  =  avvb  e  (Sv\vSv) (vS\vSv)  C  (Sv\vSv) * (vS\vSv) * . 
But  this  contradicts  the  fact  that  V  fl  (Sv\vSv)  *  (vS\vSv)  *  =  O- 
The  proof  is  complete. 

It  has  been  proved  that  if  A  is  a  closed  subspace  of  X 
and  p  e  A  ,  then  p  is  marginal  in  X  iff  p  is  marginal  in  A 
[11;  p. 3].   Hence  the  following  theorem  follows  easily  from 
Lemma  11-2. 

11-3  Theorem.   Let  S  be  a  continuum  semigroup  with  midunit  v 
satisfying  S2  =  S  jt   K.   If  H   fl  [  (SvUvS)  \vSy]  *  =  □,  then  each 
point  of  H   is  marginal  in  S. 

Proof.   It  is  evident  that  Hv  n  [ (SvUvS) \vSv] *  =  Q  is 
equivalent  to  H   Pi  (Sv\vSv)  *  =  Q  and  Hv  0  (vS\vSv)  *  =  Q.      By 
Lemma  11-2  we  have  H  C  (vSv)  .   Therefore  each  point  of  Hv 
is  marginal  in  S,  since  each  point  of  H   is  marginal  in  vSv. 


CHAPTER  XII 

ACYCLICITY  OF  CONTINUUM  SEMIGROUPS  WITH  MIDUNIT 

In  this  chapter  we  are  concerned  with  the  acyclicity 

of  a  continuum  semigroup  with  midunit.   A  continuum  is  called 

acyclic  if  it  has  the  cohomology  of  a  point  space  [18] .   It  has 

been  known  for  some  time  that  a  continuum  semigroup  with  left 

zero  and  left  identity  is  acyclic  [19] .   The  following  example 

of  a  nonacyclic  continuum  semigroup  with  a  'zero  and  a  midunit 

shows  that,  in  the  above,  one  may  not  replace  the  existence 

of  a  left  identity  with  the  existence  of  a  midunit. 

12-1  Example.   Let  S  =  [ (x,y) | (x+1) 2  +  y2  =  1}  U  ( (x,y) |0*x*l, 

y  =  0}  with  the  usual  topology  as  seen  in  the  Figure  9-2.   Then 

S  is  a  nonacyclic  continuum,  since  H  (S)  ^  0.   We  define 

multiplication  on  S  by 

r{a.b,0)       if  p  =  (a,0),  q  =  (b,0),  a  and  b  are 
j         nonnegative,  and  ab  denotes  the  usual 
pq  =      J  multiplication, 

M0,0)    otherwise. 

2 

Under  this  multiplication,  S  satisfies  S  ?   S  and  has  a 

zero  and  a  midunit  (1,0). 

To  avoid  this  triviality  we  restrict  ourselves  to  the 

study  of  the  acyclic  properties  of  those  continuum  semigroups 

2 
satisfying  S   =  S  and  having  zero  and  a  midunit.   In  working 

on  this  problem  we  found  the  following  two  interesting  results 

which  may  be  useful  in  attacking  this  problem  from  another 

point  of  view.   We  proceed  with  a  lemma. 
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2 

12-2  Lemma.   Let  S  be  a  compact  semigroup  satisfying  S   =  S 

H    (S)  ^  0 ,  and  Bf  (I)  =  0  for  any  closed  ideal  I  in  S,  where  n  is  a 
nonnegative  integer.     If  h  is  a  nonzero  element  of  H    (S), 
then  there  exists  an  idempotent  e  such  that  h|SeS  ^  0. 

Proof.   It  has  been  proved  that  if  S  is  a  compact  semi- 

2 
group  satisfying  S   =  S ,  then  S  =  SES  [8].   Through  use  of 

the  Reduction  Theorem  1-2  it  is  possible  to  select  a  closed 
subset  F  of  E,  which  is  minimal  relative  to  h|SFS  ^  0.   Sup- 
pose F  is  not  a  singleton  set,  and  let  A  and  B  be  two  nonempty 
proper  closed  subsets  of  F  such  that  F  =  A  U  B.   It  is  easy 
to  see  that  SFS  =  SAS  U  SBS  and  SAS  fl  SBS  is  a  closed  ideal 
in  S.   By  the  Mayer-Vietoris  Sequence  Theorem  1-1  we  have  the 

following  exact  sequence 

*    '* 
-  ffn(SAS  fl  SBS)  __A^  Hn+1(SFS)  t    X  t       j   Hn+1(SAS)  X  Hn+1(SBS)-. 

*  '*    . 

By  the  minimal  condition  on  F,  we  have  (t  x  t   )  (h|SFS)  = 

(h|SAS,  h|SBS)  =  (0,0);  thus  t  x  t    is  not  monomorphic.   But 

SAS  D  SBS  is  a  closed  ideal  of  S,  so  that  Hn(SAS  l~l  SBS)  =  0 

*  '* 

from  our  assumption,  which  implies  that  t  x  t    is  monomorphic. 

*    '* 
This  is  a  contradiction  since  we  proved  already  that  t.x  t   is 

not  mcnomorophic .    Thus  F  is  a  singleton  set  and  the  proof  is 

complete. 

12-3  Theorem.   Let  S  be  a  continuum  semigroup  with  zero.   Then 
the  following  two  statements  hold. 

(1)   If  S  satisfies  S  =  ESUSE  and  h  is  a  nonzero  element 
of  H  (S) ,  then  there  exists  an  idempotent  e  such 


that  h|SeS  ^   0. 
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(2)   If  S  satisfies  S  =  ESE  and  h  is  a  nonzero  element 

2 
of  H  (S) ,  then  there  exists  an  idempotent  e  such 

that  h|SeS  4   0. 

Proof.   (1)   It  is  routine  to  check  that  each  ideal  I  of 
S  is  connected  since  S  =  ESUSE,  so  that  3° (I)  =  0.   The  result 
then  follows  Lemma  12-2. 

(2)   It  has  been  proved  by  Cohen  and  Koch  [4]  that  if  S 
is  a  continuum  semigroup  with  zero  satisfying  S  =  ESE,  and 
I  is  a  closed  ideal  in  S,  then  H  (I)  =  0.   By  Lemma  12-2,  we 
know  the  proof  is  complete. 

Recall  that  in  Chapter  VII  we  introduced  a  method  of 
constructing  new  semigroups  with  midunit  from  given  known 
semigroups.   That  is,  if  S  is  a  semigroup  and  v  is  an  idem- 
potent  in  S,  we  define  a  multiplication  "*"  on  S  by  a*b  =  avb. 
In  particular,  we  proved  in  Proposition  7-1  and  Proposition 
7-2  that  if  S  is  a  semigroup  satisfying  SvS  =  S  for  an  idem- 
potent  element  v  of  S  and  S  has  a  zero,  then  (S;*)  is  a 
semigroup  satisfying  S*S  =  S,  has  v  as  a  midunit,  and  has  the 
same  zero.   For  more  details  the  reader  is  referred  to 
Chapter  VII. 

From  Theorem  12-3,  we  see  that  each  example  of  a  con- 
tinuum semigroup  with  zero  satisfying  either  S  =  ESUSE  with 

1  2 

H  (S)  f   0  or  S  =  ESE  with  H  (S)  f   0  gives  rise  to  a  nonacyclic 

2 
continuum  semigroup  with  zero  and  midunit  satisfying  S   =  S; 

namely   (SeS,*) . 

A.  Hudson  has  given  two  examples  of  nonacyclic  semigroups 

with  zero,  one  satisfying  S  =  SE  with  H  (S)  ^  0  and  the 
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other  satisfying  S  =  ESE  with  H2(S)  ^  0  [7].   The  underlying 
space  of  the  first  example  is  a  circle  with  two  intervals 
issuing  from  a  common  point  of  the  circle,  as  seen  in  Figure 
9-1.   The  endpoints  of  those  intervals  are  each  midunits  for 
S  (use  of  Proposition  4-2  may  be  helpful  in  verifying  this) . 
We  have  then  a  nonacyclic  continuum  semigroup  with  zero  and 
midunit  satisfying  S  =  S  .   The  underlying  space  of  the 
second  example  is  a  two-sphere  with  four  intervals  issuing 
from  a  common  point  from  the  sphere.   A  subsemigroup  consisting 
of  the  two-sphere  and  two  of  the  issuing  intervals  will  have 
the  endpoints  of  the  intervals  as  midunits.   This  gives  a 

second  example  of  a  nonacyclic  continuum  semigroup  with  zero 

2 
and  midunit  satisfying  S   =  S. 

It  might  be  interesting  to  seek  some  sufficient  conditions 
for  continuum  semigroup  with  zero  and  midunit  under  which  S 
has  to  be  acyclic.   Toward  this  direction  we  introduce  first 
a  class  of  semigroups  which  we  will  call  continuously  factor- 
able semigroups  (see  Definition  12-4) .   After  a  brief  intro- 
duction of  such  class  of  semigroups,  we  prove  that  if  S  is  a 
continuously  factorable  continuum  semigroup,  then  all  of  its 
cohomology  is  concentrated  in  its  minimal  ideal.   It  follows 
that  if  S  is  a  continuously  factorable  continuum  semigroup 
with  zero  and  midunit,  then  S  is  acyclic.   We  proceed  with  a 
definition. 

12-4  Definition.   Let  (S;  m)  be  a  topological  semigroup  with 
multiplication  m.   Then  m  and  S  are  called  continuously 
factorable  if  there  exists  a  map  r\:    S  -  S  x  S  such  that 
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mon(s)  =  s  for  all  elements  s  of  S.   We  call  v,   a  continuous 
factorization  of  S  . 

The  following  are  examples  of  continuously  factorable 
semigroups . 

12-5  Example.   (1)   A  semigroup  with  left  identity  v  is  con- 
tinuously factorable.   For  we  could  simply  define  t](s)  =  (v,s) 
for  all  s  of  S.   It  is  not  difficult  to  check  that  r\   is  a 
continuous  factorization  of  S.   A  dual  result  holds  for  a 
semigroup  with  right  identity.   In  particular,  a  clan  is 
always  continuously  factorable. 

(2)  If  S  is  a  semigroup  satisfying  S-=  E,  then  S  is 
continuously  factorable.   Naturally  we  define  n(s)  =  (s,s) 
for  all  elements  s  of  S  to  obtain  a  continuous  factorization 
of  S. 

(3)  If  S  is  a  compact  Clifford  semigroup,  then  it  is 
continuously  factorable.   Recall  that  a  semigroup  is  called  a 
Clifford  semigroup  if  it  is  the  union  of  groups.   It  has  been 
proved  that  if  S  is  a  compact  Clifford  semigroup,  then  the 
map  e:  S  ->  E,  which  assigns  to  each  s  of  S  the  identity  of  the 
group  containing  it,  is  continuous  [6;  p. 44].   If  we  define 
n(s)  =  (s,e(s))  for  all  elements  of  S,  then  n  is  a  continuous 
factorization  of  S. 

We  proceed  with  a  theorem  showing  that  all  the  cohomology 
of  a  continuum  semigroup  with  midunit  is  concentrated  in  its 
minimal  ideal  if  its  multiplication  is  continuously  factorable. 
12-5  Theorem.   Let  (S;m)  be  a  continuously  factorable  continuum 
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semigroup  with  midunit.   If  K  is  its  minimal  ideal ,  then  the 
map  i:  K  -  S  induces  an  isomorphism  i*:  H*(S)  -  H* (K) . 

Proof.   If  T  =  vSv,  where  v  is  a  midunit  of  S,  then  T 
is  a  clan  with  identity  v.   Since  T  fl  K  ^  Q,  there  is  an 
idempotent  f  in  T  fl  K,   Let  the  two  maps  X  and  \      from 
S  x  S  into  S  x  S  be  defined  by  X    ( (x,y) )  =  (xv,y)  and 
Xf((x,y))  =  (xf,y)  for  all  elements  (x,y)  of  S  x  S.   On  the 
other  hand  we  consider  a  map  F:  (S  x.  S)  xT-SxS  defined 
by  F((x,y) ,t)  =  (xt,y)  for  all  elements  (x,y)  in  S  x  S  and 
elements  t  in  T.   Then  for  all  elements  (x,y)  of  S  x  S  we 
have  F(  (x,y)  ,v)  =  (xv,y)  =  Xv((x,y))  and  F-((x,y),f)  =  (xf,y) 


Xf ((x,y)).   By  applying  Homotopy  Theorem  1-4,  we  obtain 

i 
f 


X  *  =  \*z    H*(S  X  S)  -  H*(S  X  S) 


Now  let  us  consider  the  following  diagram 
X 
S   ti   S  x  S  —>*    S  x  S    m    S,  where  m  is  the 

""ST 

multiplication  of  S  and  n  is  a  continuous  factorization  for  m. 
For  convenience  we  write  r\   componentwise  as  r\{s)    =    (r;,  (s)  ,r\2  (s)  ) 
Then  moXvOTi  (s)  =  moXv  (  (t),  (s)  ,r\2  (s)  ) 

=  m(n1(s)v,n2  (s)  ) 

=  r^  (s)  v  ti2(s) 

=  n1(s)n2(s) 

=  mon (s) 
=  s 
that  is,  moX  en  is  the  identity  map  I   on  S.   On  the  other 

V  o 

hand  we  have 

(moXfOr))*  =  n*oXf*om* 
=  n*oXv*om* 


m. 
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=  (mol  on)  * 

=  ^S**  =  IH*(S)  ' 
which  implies  that  (moXfori)*:  H*(S)  -  H*(S)  is  an  isomorphis 

Since  moXfor|(s)  =  r\    (s)  fn2  (s)  e  SfS  for  all  s  of  S,  we 
may  define  I:    S  -  SfS  by  i{s)    =  moXfori(s)  =  ru  (s)  f r\2  (s)  for 
all  s  of  S.   If  i  is  the  inclusion  map  of  SfS  into  S,  then  it 
can  be  proved  that  io-t(s)  =  moXfori(s)  for  all  s  of  S.   We 
then  have  I   ,  .  =  (moXfon)*  =  (±ot) *   =   l*oi* ,    which  implies 
that  i*:  H*(S)  -♦  H*(SfS)  is  a  monomorphism ,  since  IH*/g\  is 
an  isomorphism.   It  is  easy  to  see  that  K  =  SfS,  since 
f  g  K  and  K  is  a  minimal  ideal  of  S.   Since  K  is  a  retract  of 
S  [17] ,  we  also  have  that  i*  is  also  a  epimorphism.   The 
proof  is  complete. 

The  following  corollary  follows  easily  from  Theorem  12-6. 

12-7  Corollary.   If  S  is  a  continuously  factorable  continuum 
semigroup  with  midunit  and  zero,  then  S  is  acyclic. 

12-8  Remark.   Corollary  12-7  shows  that  the  examples  of 
nonacyclic  continuum  semigroups  with  zero  and  midunit  given 
earlier  in  this  chapter  are  not  continuously  factorable. 
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